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SYNOPSIS 

Ihe theory of -vector -valued sequence spaces (TVSS) has 
emerged widely as a natural generalization of the theory of 
scalar-valued sequence spaces (SVSS) founded ea,rlier ■b3r Kothe 
and Toeplitz in 1934. in inspiring treat'ment of this aspect 
(SYSS) can he seen in the monograph: ''Topological Vector 
Spaces I I Springer-Verlag (1969) hy Kothe himself j whereas an 
elaborate account of this theory including the recent advances 
as well as those which are useful in constructing esejaples and 
counter examples in the duali-fcy theory of locally convex spaces, 
summahility domains and the theory of Schauder bases, has been 
thoroughly unfolded in a recent monograph of Kamthan and Gupta 
on ''Sequence Spaces and Seriesi Marcel Dekker, Inc, (1980)'', 

Although the vector-valued sequence spaces have their 
origin in the work of L, Schwartz Qnn, Inst. Pourier 7(1957) 
1-14^, Grothendieck jllera, imer . Math, Soc, 16(19 55)^], 

Gel'fand Qiat, Sbornik 4(1938) 235-28^ and Phillips [Trans. 

Amer, Math, Soc, 48(1940 ) 516-54:^1 a. systematic treatment of 
the same was given by Pietsch in 1962 in his book ^ 'Verallgemein- 
erte Vollkommene Polgenraumej Akademie-Verlag (1962)' * . 

Pascinated by various applications of the theory of SVSS and 
the importance of VVSS in nuclearity, the study of FVSS was 
further developed by Gregory, Kimpe, Rosiei, Phuong Cac, Gupta, 
Kamthan and Eao during a span of ten years from 1966 to 1976 . 
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Our attempt iii tliis dissertation is to generalize those aspects 
of SVSS ?^hich were possihly untouched so far, e.g», the study 
of matrix transformations including characterizations of 
precompact and nuclear diagonal operators on YYSS , duals of 
generalized sequence spa,ces and a study of simple generalized 
sequence spaces. We have also dealt with the generalized 
forms of il^-spaces and compact subsets in a WSS. 

The present thesis is divided into six chapters. 

Chapter I contains a brief history and development of the 
theory of STSS, WSS and applications of WSS to nuclear spaces. 

Chapter II includes results without proofs from the theory 
of locally convex spaces, vector~valued sequence spanes and 
nuclear spaces which are to be used in the subsequent chapters. 

Chapter III is entirely devoted to the space of 

absolutely p-summing sequences from a locally convex space Z, 

1 < p < oo. Wo investigate the generalized Kothe and topological 
duals of these spaces in the most general setting of locally 
convex spaces and characterize convergence aS well as weaHy 
sequentially compact sets therein. We also study the S.Radon- 
Riesz property in these spaces. 

Chapter IV essentially deals with the various concepts of 
duals of a WSS. Indeed, we introduce the notions of generalized 
monotone and symmetric sequence spaces and investigate relation- 
ships among a-, p.,, Y- and 6- duals of a WSS A(X) . We also 
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invest; iga'bo conditiioiis on A(X) so "tliat; iis topological and 
sequential duals leliave like the spaOes of generalized sequences . 
After having introduced the notion of a y-dual of a WSS A(X) 
corresponding to an SYSS y , we pass on to a brief discussion 
on the <^y -topology on a WSS ^(X). ?/e also deal with the 

M-character of the dual system <A(X), A^(y) ■>, 

Chapter V is mainly concerned with the characterizations 
of compact sots in a WSS A(x), 

Chapter 71 incorporates a new study concerning the 
representation of linear operators on WSS in terms of infinite 
matrices of operators on the underlying spaces. In other words, 
we deal ?/ith the matrix transformations on VYSS and characterize 
nuclear and precompact diagonal operators. We also introduce 
the notion of a generalized simple sequence space and discuss 
a few topological properties of the same. Finallj^, wo 
investigate the behaviour of matrix transformations on WSS 
which are simple and nuclear. 



C hap ter 1 


HISTOHI MD MOTIVATION 


1. SCALAR-VALUED SEQUENCE SPACES 

The theor 3 ? of vector-valued seq_uence spaces (VVSS) has widely 
emerged as a natural generalization of the theory of scalar- 
valued sequence spaces (SVSS) founded earlier by Kothe and 
Toeplitz [jQ in 1934 and subsequently developed by Kothe 
himself in a series of papers [6^1 through [69] . Thanhs to 
Toeplitz whose suggestion finally inspired Kothe to bring out 
his monumental contribution in the form of a treatise [70] 

(cf. [ 57 ] also) on topological vector spaces of which the 
last two sections have stimulated a tremendous amount of 
interest to initiate researches in the theory of sequence 
spaces* In this direction, the early contributions due to 
R,G, Cooke []lQ j []L^ deserve a special mention^ ii&act 
these, books are the first ones containing elementary treatment 
on the convergence notion in some familiar sequence spaces 
and transformations thereon related to infinite matrices. 

The theory of SVSS has provided sufficient motivation to 
introduce and study several new concepts in; the theory of 
Schauder bases ([26], []59] , [?5] , [[11^ ), structural study 
of locally convex spaces ( [5’Q , [7^ ), nuclear operators and 
nuclear spaces ( [Js] » [lid ) 3^1 summabtlity domains ( [[v]] , 
[~12d )• Indeed, the SVSS theory has been largely responsible 
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for constructing examples and counterexamples whlcn the vector 
space pathologists and Sohauder basis experts have found of 
much use end significance in the study of duality theory of 
locally convex spaces and the theory of Sohauder bases. An 
heuristic treatment of this theory dealing with these various 
aspects is contained in a recent monograph [s’?] Kamthan and 

Gupta. 

Due to its vast applications, the fascination for the 
iCothe-Toeplitz theory grew leaps and bounds, thus resulting 
in its extension and gener sJ.ization by several analysts. 

In an attempt to mention briefly the salient features of this 
theory, let us recall a few standard notations from the theory 
of SYSS. Throughout we write u for the class of all 
seauenoes x = with x^ 8 3K , n > 1 where IK is the 

field of scalars; also we use the symbol <}, for the subspace 
of 0 ) consisting of finitely many non-zero sequences. By a 
sequence space (or an SYSS) X we shall henceforth mean a 
subspace of ^ with 4> C. X . 

It was possibly, Allen who initiated the task of genera- 
lizing several results of iCothe and Toeplitz in 1913. In 
his paper- , he introduced the idea of projective convergence 

of sequences in an SYSS X which is stronger than the coordi-. 
natewise convergence and is weaker than the weak convergence 

corresponding to the a-dual or Kbthe diiaZ x’^ of X , where ' 

= t{y,l e to S X lx.y^i < 

■■ ^ ■ ■ ■■ 1 VI ■ , , ■ ■ 
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According to him, a sequence {x^}C.^> ~ '*■ ^i ^ '’projective 

convergent to x’ ' relative to another sequence space y , if 

oo oo 

lim Z x^ u. = 2 x.u. , for every sequence {u.} e y . 

n i=l ^ ^ i=l ^ ^ ^ 

He proved several results on projective and coordinatevase 
convergence of sequences* 

Ihe study of the dual system <x,X^> for a perfect space 
(that is^ X = X^^) as developed hy Kothe and loeplitz [vf] was 
further carried over to the dual system <X,Xt^> hy Chillingworth 
jjLi^ , where x^, Imown as the p-dual of x , is defined hy 

= {y G oj ; 2 x.y. converges in IK , ¥ x G X} . 

i>l ^ ^ 

Indeed, the notion of the p-dual of a sequence space X , which 
is once again due to Kothe and Toeplitz [jl] > was exploited hy 
Chillingworth who called it a g-dual and obtained a number of 
results on matrix transformations on sequence spacesi whereas 
Mathews used it to extend the theory of matrix rings* 

Around the year 1967, Carling (cf, [20 and [30) developed 
a general theory of sequence spaces* He introduced another 
notion of a dual of an SVSS X ; indeed, he defined the Y-dual 
x"''’ of X as 

n 

X'*'' = {y G w ; sup 12 x.y. 1 < °°, ¥x G X> . 

n i=l ^ ^ 

He also considered the problem of representing the topological 
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dual of an SVSS as a sequence space and succeeded in getting 

such a result through an extensive use of the unit vectors e^, 

where e^ = { 0,0, ... ,1,0,0, ... } (We must recall Ruckle’s 

ith place 

work [T-00 in this direction as well). Also, in another 
paper [2^ , he made a systematic study of symmetric sequence 
spaces (i.e, the spenes which remain invariant under the 
permutations of their members) which he [sQ carried over 
further to study the ideals of operators in Hilbert spaces. 

To appreciate the scope and limit of symmetric sequence 
spaces, one comes across with the concept of a 6-dual of an 
SYSS X , defined as 

= {X e OJ : l^iyp(i)l < “j ^ y 0 ^ P e } , 

where n is the class of all permutations of natural numbers. 
This notion was introduced independently by G-arling [2^ and 
Ruckle jj-OS] , around the years 1966 and 1967 . Ruckle [10^ 
also studied the symmetric duals of a single sequence {x^^} 
in 0 ) . It would be appropriate to mention here that Ruckle's 
earlier study on sequence spaces has mainly been motivated by 
the theory of Schauder bases. However, in 1972, having 
observed the roles of various known sequence spaces in defining 
a-, p-, and Y-duals, he [10^ gave a unified idea of a u -dual 
of an SYSS X corr-esp ending to another SYSS u , According 
to him, ■ 
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= {y e w * Gy,? } G X} . 

Using this concept, he generalized many results of Kothe , 

The development of the duality theory of sequence spaces 
had a deep impact on the representation of linear maps on 
SVSS, Indeed, Kothe and Toeplitz [vf] proved that corresponding 
to the Kothe duality of sequence spaces, every continuous 
linear transformation from one sequence space X into another 
sequence space y can he given hy an infinite matrix [a - ^3 
of scalars. They called a linear operator A: X -* y ^ a 
matrix transformation if A can be given by a matrix [a. -3 

XJ 

such that for each x G X , Ax = y, where y. = 2 a. .x., i>l 

1 3>1 3 - 

and y 0 y , In the same paper, they also attempted to study 
the behaviour of several collections of infinite matrices and 
introduced the notions of various types of g-rings which 
according to them, is a collection of infinite matrices closed 
under matrix addition and multiplication. This study was 
further carried over by Vermes [110 , Copping [l4j , Weber [12^ , ; 

Mathews [j3 However, Allen paid more attention to both | 

I 

these aspects of infinite matrices and made a significant ! 

contribution in [^33 and 3‘^3 • ^ 

Matrix transformations on several known sequence spaces I 
have been, a subject of central investigation by many a ; 

ma^thematician in the past? notably we may mention the work of 
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Rao [9’^ , Brown > Raphael [Id and Hahn [40 .in 

inherent feature in most of their work is the notion of the 
''simple*' character of a sequence space. Indeed, this 
character of a sequence space was discovered by Ja.cob [Jd 
in 1977, who exploited it further to get some more results 
enveloping those obtained by earlier researchers. The 
paper by Gupta and Kamthan [45] also worth mentioning in 
this direction, where they have investigated matrix trans- 
formations on an arbitrary simple nuclear sequence space 
(X,ri(X,X })♦ 

A careful study of matrix transformations on sequence 
spaces revealsthat they are certain types' of inclusion maps 
acting from one sequence space into another (cf, [5d )• 
Indeed, if X , y are two SVSS and A = [a. . [] an infinite 
matrix, then A transforms X to y , means that X C 
where y^ is Imown as the summability domain of A and is 
defined as 

^A ~ ^ 6 ^ Ax G y} • 

It has further been observed that the underlying sequence 
spaces enjoy a universal property ref erred, to as the 
K-property . These spaces have their origin in the theory of 
summability. In the process of investigation, various types 
of sequence spaces, for instance T’E-(cf, [l2di )j coxiull and 
co-regular [lid , wedge spaces [[v"] etc, were introduced 



7 


and the summahility theory became more general and satisfactory 
by replacing classical matrix arguments with topological methods. 
Considering specific sequence space in place of , especially 
the space c of convergent sequence, the theory was earlier 
developed by Agnew , Hill [511 > Wilanshi [l2Qetc. 

However, we attribute to Zeller the origin of the general 

structural study of summahility domains. This was further 
carried over by Bennett [^5]] and Kalton [5^ who tackled the 
problem related to the representation, BK-, Montel-, reflexive- 
and nuclear characters etc. of a summahility domain. As 
far as the results on inclusion maps are concerned, we may 
single out the contributions of Zeller [12^ ; Bennett |^6]] , 
Bennett and Kalton [[[8] , Snyder and Wilanski [lli] , Kamthan 
and Gupta [JC Buckle [10’^ . A detailed account of these 

aspects is. to be found in the monograph [5’^ . 


The extension of the Kothe-Toeplitz theory to function 
spaces has been carried out by Cooper [13] , Zeller [12^ , 
Persson [S’^ , Dieudonne[24] , Ho-Cdonald ([79|, 5 I^i] ) etc.i 


whereas Monna 


_84| and DeGr ande-DeKimpe [l^ have made their 


contributions by extendi3ag some of the results on perfect 


sequence spaces to non-Archimidian sequence spaces. 


2. VEGTOR-VALUBI) SBQUEB'OE SPACES 


A generalized sequence space or a vector-valued sequence space 
(YYSS) A(x} is a vector space containing sequences of vectors 
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from an arbitrary vector space X as their marabers. These 
spaces have their origin in the work of G-el' fand [33] and 
Phillips [8^ vvho used some abstractly valued function spaces 
in the characterization of certain linear transformations. 

Later, in 1951, Grothendieck [3^ considered 7VSS in the form 
of tensor products of SVSS Vi/ith a Banach space X for 
developing the theory of nuclear spaces. Indeed, the 
contributions of L. Schwartz [ll^ and Grothendieck [4(3 
respectively extended theories of distributions and of 
holomorphic functions from the field of scalars to an arbitrary 
locally convex space, have also been a source of motivation 
to carry out researches in VVSS. In 1960, iloumieu made 

a brief study of certain type of VVSS in connection with his 
investigations on generalized distributions. 

A major attempt in the direction of generalizing the Kothe 
theory, of perfect sequence spaces to that of VVSS was made by 
Pietsch in his book [93 1962. He combined a perfect SVSS 

with a locally convex space X in order to define a WSS X(X) 
as follows 

X(x} = {{x^}| Xj_ e X, iyi and {f(xj_)} 0 X , ¥ f e X*} , 

where X* denotes the topological dual of X. After having 

topologized the space x(X) with the help of the locally convex 
topology of X and X ^ he gave characterizations for various 
aspects like boundedness, compactness of sets etc, in this space. 
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Besides, be dealt with the representation of linear operators 
through abstract sequences, gave examples of some special 
generalized sequence spaces and pointed out a strong deviation 
of the theory of WSS from that of SVSS while studying the 
dual spaces of such generalized sequence spaces. 


Haying observed that all the VYSS are not of the type 
x(X} as introduced by Pietsch, Phoung Oac [9(2 initiated 
investigations in YVSS which appeared more closely to- the 
study of lidthe and loeplitz for SVSS referred to above. 

Indeed, for a dual pair <X,T> of vector-spaces, he considered 
a vector-space A(X) of sequences from X with respect to 
usual coordinate-wise operations and defined another VYSS A (Y), 
known as the generalized Kothe dual of A(x) or 'the associate 
of A(X) as 


a’^CY) :y^e Y, i>l 


and E l<x. ,y.>l < V {x.} e a(X)}. 
i>l ^ ^ ^ 


By imposing seversil restrictions on the dual pair <X,Y>^ he 
obtained many results for the dual system <a(X),a^ (Y )> whose 
counterparts for SVSS are to be found in [57] and [70 . Por 
instance, in connection with the normal hull of weakly compact 
sets, he proved 

•’If X is a Prechet-Montel space, in particular if X is 
a space of finite dimension, then the normal hull of a weakly 
contact subset M of a normal space A (X) containing $(X), 
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^>(X) being tlie space of all finitely non-zero sequences from X, 
is weakly compact' ' , 

In his another paper [^i] , he considered particulsir type of 
YYSS which are defined with the help of a countable family of 
positive sequences in a manner similar to the Kothe spaces of 
finite and infinite type (of. [oC » p . 97 ) • Heaving topologized 
these spaces in a natural way, he proved that their topological 
duals can be identified with their generalized Kothe duals. 

He utilized his Imow/ledge of VVSS in his later work [9S] in 
which he could express certain spaces of functions and their 
duals as the generalized, sequence spaces and their generalized 
Kothe duals • 

Almost at the same time, Gregory [3^ was working for his 
doctoral thesis on VVSS, He proved many results for the dual 
pair <A(X), Ti(Y)>, where y (Y ) is a subspace of (Y } and 
'^(Y) ( 2 ^ i'(l)} on .the lines of Phoung Gac but in a slightly 
more general setting, Por this pair, he introduced the notion' 
of solid topology (cf, §3, Chapter 2) which includes the normal 
topology as a particular case and proved under certain assumptions 
that the Mackey and strong topologies are solid. He also 
considered those VVSS and the solid topologies whose scalar 
counterparts were studied earlier by Gar ling [2^, Besides, 
he generalized the Kothe-Toeplitz result on matrix: transfor- 
mations and the Grothendieck-Pietsch criterion (cf. [9Q,p. 98 
and [57] ) to the setting of 'WSS, Goncerning the structural 
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properties of YVSS, he investigated conditions for which a 
YVSS is complete, quasi- complete, reflexive, semi-reflexive 
and Montel with respect to the topology arising from the 
dual pair <A(X}, y(T)>, Xor an SVSS X and a locally convex 
space X, he introduced a VTSS X defined hy 

= {{x^}:Xj^ G X, i>l and {p(x^)} 6 X , for each 

continuous semi -norm p on X}; 

and proved a few properties related to its p-dual. 

Around the year 1970, he G-rande-De Kimpe observed that 
the space A(X) of Pietsch doesn't include many interesting 
examples of generalized sequence spaces, for instance, the 
space of all absolutely summable sequences in a locally convex 
space X. She, therefore, introduced the following YVSS 

X{X} = {{x.}:x. G X, i>l and {sup l<x.,f>|} G X , 
r 1 1 

for all M G vm, 

where is the family of all equi continue us subsets of the 

dual X* of a Hausdorff locally convex space X and X is a 
perfect SYSS equipped with a solid topology. Making use of 
the topologies of X and X,, she defined a locally convex 
topology on x{X} and proved that the topological dual of 
X {X} always contains sequences from the strong dual of X. 
and it is the YYSS X (X"^) for a normed space X. 
representing x{x} as a topological tensor product she proved 
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' ' X{x} is nuclear if and only if X and X are nuclear' ' , 

Ta.ld-ng help of the space x{X} she considered the mapping of 
X-type Vifhich are closely related to the nuclear operators, 
Hilhert-Schmidt operators and absolutely p-suniming operators 
defined by Pietsch ^95] . She made use of mappings of X-type 
in her later work jj.^ wherein she treated the ''approximation- 
property' ' of G-rothendieck for generalized sequence spaces. 

In her recent work [2'^ she applied VTSS to operator ideals 
and also to obtain information on the structure of a locally 
convex space X with a - base, by factoring the identity 
operator on X through the VVSS x{X} * 

Almost simultaneously, Rosier in his dissertation [10^ 
made a comparative study of the space X(X) of Pietsch and 
the space X{X} which he defined in a manner similar to 
Gregory [3^ and Kimpe [l'^ , Indeed, corresponding to a 
certain collection Vvp of bounded subsets of x’^ , the Enthe 
dual of X , he considered the spaces X(x) and X{X 3- 
which are the spaces x(X) and x{X} equipped with the 
topologies (called the -topology) generated respectively 
by the semi-norms: 

Gm „ ({x.}) = sup Z |a.il<f,x.>j 

feu° 

and 
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%,u 


sup 2 
{a^}GM i>l 




where u is a memher of a fundamental system ^lL(X) of 
neighbourhoods of 0 e X. Analogous to the subspace Q(X^3 
of x(X} , ho defined [Ii{X}yy^3] subspace of X{X} 

containing sequences which are -limits of their sections. 

He discovered that these spaces 

are very similar relative to their internal construction, e.g., 
boundedness, compactness, completeness etc.| however there is a 
marked difference in the duality theory of these spaces. 

Whereas it is difficult to represent the dual of 

he proved the following interesting result concerning the dual 

of 

’’The dual of QxCX}^^ is the space of all vectors 
a = ^ 2 . ® which have representations of the form 

a = a u = {ttj^u^} with a Q and u = {u^} j an equicontinuous 

subset of X*. ’ ' 

I'inally he related the isomorphisms between the space 
[;x(X)_:] and [:x{X)^3 with the nuclear ity of the space X 
or X. 


It would be appropriate to mention here that the space 
X{X} has independently been studied by Gregory [3^ , Kimpe [17] 
and Rosier [lO^ j however, one finds some overlappings between 
the results of Eimpe and Rosier , 
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Almost three years l-atierCy Gupta, Kamthc-ai and Rao initiated 
the task of relating TSSS vatl the theory of Schauder decomposi- 
tion in a locally convex spse e (.a Schauder decomposition in an 
l,c, ITS X is a sequence subspaces such that each 

X G X is uniquely expressed in the form x = S x • , x- G M. , 

i>l ^ ^ ^ 

i>l and the progsotiontj P u X - X, R^(x) = x^7 are 
continuous). they were JLa-rgely successful in this direction 
and proved Yarious resuXts relating this aspect of WSS and the 
duality roles displayed by majiy known WSS in [ 4 ^ , [ 47 ] , [ 4 ^ . 
Por instance, concenning Schauder decomposition in a WSS, 
they prove4(cf * Rao akso) 

’ ’For a locally convex space X with dual X*, the WSS ^(X) 

d 

always possessesj^Sclauaen decomposition with respect to the weak 
topology a(A(x), A^( 2 ^) J' 1 , 

further, they considered dirmlity relationships between the 
WSS ^(X), f^(X), )j ^“(X), c(X), c^(X) etc. and 

characterized weakly bouiad ed. sets in some of these spaces. 
Besides, they mentioned. sete=ral examples illustrating various 
types of Schauder deconp os it: ions of WSS and characterized 
similar decompositions imurciuced by them with the help of the 
associated vector-valaei segiience spaces. Ihey related the 
types of Schander decoii|> osiloi ons with the structure of WSS in 
the following forms 
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''Let X be an 1, c, TYS Laving a Schauder decomposition 
HvI^yPn^ and 1* be iis topological dual* 'T'lien 

(i) is boirtidedly coiEplete ==> A(X) is perfect 

(ii) {ly is bounded multiplier ==> a(X) is normal 

where A(xj = {{x } : G 'M. and £ x- converges in X) ' 

i>l ^ 

While attempting to solve the question posed by Liestel 
concerning the Radon-likodym property of Leonard 

studied various aspects of the Banach sequence spaces ^^’(X) 
in . The contribations of Grabinov Ud > Garnir [3^ 

and Patricia Barr [s^ also find their due place in the 
advancement of the theory of VYSS. 

A recent Sp ring er-Ver lag lecture notes [74] by Maddox 
reveals that some of the results of SYSS in the direction of 
summability domains have also been generalized to the setting 
of YYSS* Indeed, such a study was initiated by Robinson [lOQ 
in the year 19 50 and was further carried over by Maddox [7^ , 
Thorpe 0-17] and others • 

Thus we find that though enough has been done, yet much 
is left to be accomplished as far as the natural generalization 
of many results from SYSS to YYSS is concerned. Indeed, the 
task of gener alizing re salts of SYSS to YYSS has not met with 
complete success, and we may expect some obvious reasons for it, 
for instance, one may not define the natural ordering structure 
in such; spaces • 
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In this dissertation we have tried to bridge several 
gaps which exist between the SVSS and VTSS. Indeed, we have 
concentrated on the problem of representing arbitrary linear 
maps in terms of matrices of linear operators, the representation 
of dual spaces of WSS as generalized sequence spaces and 
various r elated topics, 

3 . EUClEiEriT AJh VECTOR VALUED SEQMCE SPACES 

As envisaged in the foregoing paragraphs, the theory of vector- 
valued sequence spaces not only generalises the results of 
scalar-valued sequence spaces; but also provides several 
applications in the theory of Schauder decompositions and the 
theory of absolutely summing operators and nuclear spares 
(cf, [ 9 ^ for instance). In all the results related to 

1 

absolutely summing operators and nuclear spaces, the space l 
of all absolutely summing scalar sequences plays a very 
prominent role and thus one may expect to have some sort of 
relationship of nuclearity of the space with the different 
types of vector-valued % -spaces. Before we pass on to 
present glimpses of the chronological development of the 
relationship of nudearity with vector -valued sequence spaces, 
we would like to sketch a very brief history of nuclear spaces 
and nuclear operators. 

The concept of nucleaT' spaces heavily depends on the 
notion of nuclear operators which have their origin in the 
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work of Schatten [io^ and Schatten and von leumann Qio] 
studied the same. on separable Hilbert spaces. In fact, they 


called these operators as ’’finite trace-class operators’’ 

(in analogy with the matrix transformations from one sequence 
space into another). Realizing the importcOice of finite 
trace— class operators, Grothendieck [4^,] carried over the study 
of these operators from Hilbert spaces to Banach spaces and 
termed them nuclear operators. In the process of studying 


nuclear operators on Banach spaces and nuclear spaces, 
Grothendieck used the cumbersome technique of tensor products 
of locally convex spaces, which was subsequently simplified by 
Pietsch by utilizing a few vector-valued sequence spaces and 
their properties* Another approach to study nuclear spaces 
was given by Mitiagin [8^ who made use of the notions of nth 
diameters of Kolmogorov and diametrical dimension of locally 
convex spaces due to Kolmogorov [6^ and Pelczynski [86] . 


The recent development in the theory of SYSS especially 
its duality theory has been I'argely responsible to pave way 
for further generalizations of nuclear ity of operators and 
spaces. In fact, much has been done by replacing the space 
£ which has a significant role in the concept of nucleanity, 
by a number of known sequence spaces. A successful attempt 
in this direction was first made by Martineau [70 who 
introduced the idea of s-nuclear operators, s being the space 
of all rapidly decreasing sequences. This study was further 
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carried over by a number of mathematicians ; and in particular, 
we may single out the work of , [8^ , [90 , D-00 , D-10 
and IJ.10 (cf . [[50 also for historical development). A unified 
theory of X-nuclear operators and spaces is to be found in 
the memoir' [20 of Dubinski and Eamanujan. Recent monograph 
[50 of Kamthan and Gupta incorporates the study of nuclear- 
sequence spaces via an approach to diametrical dimensions of 
locally convex spaces. 

To be in tune with our main aim, let us now recall the 
following spaces corresponding to an l.c, TVS X and a perfect 
sequence space X , namely, 

x(x) =' {{x^} c X: {f(x^)} e X , V f e X*} 

and 

X{X} = {{x. }C X: {p(x. )} e XjVpGD} 

pi- 

where X* and D respectively stand for the topological dual 
of X and the family of all continuous semi-norms generating 
the topology of X. 

ffe begin with a result of Pietsch [90, which characterizes 
nuclearity of an l.c, TVS in the form of 

' *in l.c. TVS X is nuclear if and only if «.^(X) k fx^ ’ ' . 
He also proved in [90 

' ’In l.c, TVS X is nuclear if and only if for a 

(each) p > 1, ii^(X) a tX > ”, 
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Por a Banach space X, the topological isomorphism of 
1 1 

the spaces z (X) and i {X> , leads to the famous theorem 

of D\' 0 /tec;zlc 7 -iiogers (jl9 53> p. 67 )» the valid! cy of wnich by 
1 

replacing z by any perfect non-nuclear sequence space 
(x,ri(XjX^ )) was shown by Rosier^ whereas De Grande-De Kimpe 
sought its partial solution when z}' is replaced a. 
perfect Banach sequence space (cf» j[57] for details). 

Ihe relationship of the nuclearity of a space with its i 

•base and WSS is evident in the following result of Kimpe 

’Let a Mackey space X have a Schauder base such 

that Is an absolute base for (X*,p(X*,X)) and X* 

a(X *,X)-sequentially complete. Then (X*,p(X*,X}) is nuclear 

<==> X has property (B) and Ji^(X} = <==> ii^<X> = 

f^(X) <==> S.^<X> = and {x^} is a strong basis for X, 

where the property (B) of an 1. c* TVS 'X means that for every 

1 

bounded set D of «, {X}, there exists a bounded set B of X with 
2 11x^1 1 b 1 ^ ® 11 IIb gauge of B and . 

j^<X> is the space of all Mackey summable sequences in X.’ . 

In her another paper [10 she exploits the nuclearity of | 

X and X to prove the generalized sequence space character of the I 

quotient space of a VVSS . Precisely we have 

’ ' If X and X are Ir ec he t nuclear spaces and X is a closed 
subspace of X, then x(X)/x(Y) ^ x(X/l)’ I 

As the wheel of time, rolls by, we look forward to the solu- 
tions of several outstanding problems relating VVSS with several ' 
other aspects of functional analysis. No doubt, this task which 
will enrich the; theory of VVSS and will make it more comprehensive 
and interesting, seems to be quite challenging. 



Chapter 2 
PREilMIH ARIES 


IRIRODEGI'IOR 

The material of this chapter is necessarily a prelude to our 
work in suhseciuent chapters. We, incorporate here some of 
the results from the theory of locally convex spaces, vector- 
valued sequence spaces and nuclear spaces. All the results 
are stated without proof and are to be found either in one of 
the standard texts or monographs, research papers and theses 5 
for instance one may refer to [53] , [70] , [9 5j , [lOi^ , [IO 8 ] 
and [ 12 ^ . The statement of a result which is either from a 
thesis or a research paper, is preceded or followed by the • 
corresponding reference. 

1. LOCALLY OOKVEX SPACES 

Throughout this work, we use the notation X for a vector space 
over the field IK of real or complex numbers. We begin with 

DEPIITITIOR 1.1: A vector space X equipped with a topology T 

is called a topological linear spac e or topological vector space 
(tvs) if the vector operations are jointly continuous. The 
topology T is then called a linear or vector topology , 

Por a linear topology on a vector space X, there exists a 
fundamental neighbourhood system HJLi^y at the origin consisting 
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of subsets of Z, v/bicli are absorbing, balanced,^ and for each 
G (2^) there corresponds a v G %L(X) with t+t C u. 

In addition, if each u G iX (X) is also convex, a TVS(Z,I) 
is called a locally convex space (1^. TVS) and the topology 1 
is said to be a l ocally c on vex topology . 


Concerning locally convex topology on X, we have 

IHEOREIi 1,2; A topology 1 on X is a locally convex topology 
if and only if there exists a family D of 1-continuous semi-norms 
generating 1, Precisely the family I) of semi-norms is given 
by 6 ^LL(X)} where P^(x) = inf {a > 0; x G au} , is 

the Minkowshi functional corresponding to an absorbing, balanced 
and convex member a of ^,(3^)* 

Hereafter we use the symbol D^,, crt p (in case there is 
no confusion likely to arise) for the family of semi-norms 
generating the topology T of a locally convex space (1,1 ), 

<^(X) for the filter base consisting of absorbing, balanced 
and convex neighbourhoods at origin and (2) for the class of all 
bounded subsets of a locally convex space. 


Ihe following is an interesting characterization of 
bounded sets proved 'in [ 3 ^ , 

LBlvlIvIA 1,3: A subset B in an l,c, TVS Z is bounded if and only 

p 

if for every sequence {x^} <2 B {a^} in £ , the sequence 

n 

( 2 a.x. ) is a Cauchy sequence in X, 
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A characterization of continuous and equicontinuous 
family of linear maps in terms of semi-norms is contained in 

PROPOSITION 1.4: let (X,T) and (Y,S) be two l.c. TYS- 

(i) A linear map f;X Y is continuous if and only if for 
each q G Dg there exists p G Dg, and a positive constant M 
depending on q, such that q(f(x)) < Mj)(x), for all x G X, 

(ii) A family jf of linear maps from X into Y .is equi- 
continuous if and only if for each q" G Dg there exists 

p G Dgi and M > 0 with q(f(x}) < Mp(x), for all x in X and 
f in . 

The well-known Hahn-Banach Theorem is contained in 

THEOREM 1*5: Let X be an l.c, TVS, M a subspace of X and 

f a continuous linear functional defined on M, Then there 
exists a continuous linear functional g defined on X such that 
f(x) = g(x) for all X G M. 

PROPOSITION 1,6 : Por a semi -norm p on a vector space X 
and x^ G X there exists a continuous linear functional f 
on X with lf(x)| < p(x) for all x G X and f(x^) = p(x^^)* 

let us now recall a few results from general topology . 

DEFINITION l*7i : A point x in a, topological space X is an 
adherent point of a net {x^: 6 G A} if for each neighbourhood 
u of X and a G A , there exists p G A with p > a and 
x^ G u. 
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DEPBiTTIOM 1,8 : A suliset M of a Hausdorff space X is 
(i) compac t if every net in M has at least one adherent 
point or eq.uivalently every ultrafilter in M converges to 
a point of M; (ii) countabl y compact if every sequence in M 
ha.s an adherent point and;(iii) sequenti a lly compact if every 
sequence in M has a convergent subsequence, 

RzmaAk s A subset A of a Hausdorff topological space X 
is relatively compact if it is contained in a compact set. 

In a Hausdorff space X, we have 

PEOPOSIIION 1,9 : (i) Convergent nets have unique adherent 
points, (ii) If P:X -* Y is an onto map and 3^ is an 
ultrafilter in X then P(d^ } = {P(P)jP } is an ultrafilter 

in Y. (iii) If a filter 3 converges to x, then the corres- 
ponding net P G } also converges to x; the converse 

holds for ultrafilters. 

PROPOSIi'IOH 1,10 : Let f .be a continuous map from a Hausdorff 
space (X,I) to another Hausdorff space (Y,T’}» If x is an 
adherent point of a net {x : a G A} in X, then f(x) is an 

adherent point of the net {f(x ); a G A) in Y, 

oc 

PROPOSI'IIOH 1,11 : If A is a countably compact subset of a 
Hausdorff ' space (X,T) and x is a unique adherent point of a 
sequence {x^^} in A, then {x^} must converge to x relative 
to the topology I, 
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2 . DUiLI'H 


We denote by <X,I> the dual pair or dual system of 
two vector spaces X and Y defined over the same field IK 5 
the corresponding bilinear functional is denoted by B(x,y) = 
<x,y> • Ihe locally convex topology defined on X by the 
family {q„; y e Y } of semi-norms, where q (x) = lB(x,y)| , 
is called the wea k topology which is denoted by a(X,Y), 
Similarly, we have a vveak topology cr(Y,X) on Y, 

DEI'Ihri'IOH 2,1 % Let <X,Y> be a dual pair and A CL X. 

I'hen the polar of A denoted by A°, is the set defined by 

A° = {y e lB(x,y)j < 1 for all x G A)- 

Por a dual pair <X,Y>, let (f> be a collection of cr(Y,X) 

bounded subsets of Y, The locally convex topology generated 

by the family {A°:A cCy } or equivalently by the family of 

seminorms {q 1 A gG } » where q.(x} = q ^(x) = sup lB(x,y)L 

^ ..... A° yGA ’ 

is called the Ct -topology on X. The (f:’ -topology on X 

coincides with the weak topology a(X,Y) for the . collection 

of finite subsets of Y. If G is the collection of all 

o (Y,X)-bounded (resp , all balanced, convex and cr (Y,X)-compact ) 

subsets of Y, then the corresponding G -topology • on X is 

called the strong topology (resp . Mackey topology ) and is 

denoted by p(X,Y) (res. t(x,Y)). 
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R^ma^-k I The vector space X equipped with t(x,Y) is 

called a M ackey sp ace . ^ 

A locally convex topology T on X is said to he 
compatihle with the dual pair <X,Y> if the topological dual 
of (X,T) is y. Hereafter, we reserve the symbols X', X* 
and X"^ respectively for the algebraic, topological and 
sequential duals of an l.c. TVS X. 

Concerning compatible topologies, we have 

PxtOPOSITION 2,2 : A locally convex topology T on X is 

compatible with the dual pair <X,Y> if and only if < 7 (X,Y) I 

< T < T (X,I), 

PROPOSITION 2,3 : The bounded sets are same for all locally ^ 

convex topologies compatible with the dual pair <X,Y>, 

PROPOSITION 2,4 ; Let X be a locally convex space relative J 

to two compatible Hausdorff topologies T and T' such that . i 

T >_ T' and for T there exists a fundamental neighbourhood 
system at 0, the members of which are complete for T* . Then 
X is complete for T, I 

i’ 

: I 

Porequicontinuous subsets of X*, we need 
PROPOSITION 2,5 ; A subset M of X* where X is an l.c, TVS, 

■ ■ ■ , ■ " ■ ' , f 

is equicontinuous if and only if M C. v^ f or some v e , I 
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PROPOSIl’ION 2,6 : (Alaoglu-Bourbaki ) 1 let X be an l.'c, TVS 

Then any equicontinuous subset of X* is - cr(X*,X)-relatively 
compa,ct. 

lext We define some special kinds of locally convex spaces 

lEPIlIlIOH 2,7 : let X be ail l,c, SVS. A subset A of X 

is said to be (i) a barrel if it is absorbing, balanced, convex 
and closed^ and (ii) is bornivor ous if it absorbs every bounded 
se t in X • 

DBraiTIOl 2.8 i An l.c. TVS X is said to be (i) barrelled if 
every barrel in X is a neighbourhood of 0 e Xj (ii) .g-guasi - 
barrelled or a -^ infrabar relied, if every p (X*,X)-bounded 
sequence {f^} C X* is equicontinuous; (iii) sequentially 
barrelled if every sequence {f^} C X* which converges to 0 in 
p(X*,X), is equicontinuousj and (iv) bornological if every 
balanced, convex and bornivorous subset of X is a neighbourhood 
of 0. 

Some results concerning barrelled and bornological spaces 
arc stated in 

PROPOSITION 2.9 : An l.c. TVS X is barrelled if and only if 

every ar(x*,X)--bounded set in X* is equicontinuous . Hence 
for a barrelled space (X,T), T =' t(X,X*) = p(X,X*). 

PROPOSITIOII 2.10 ; let X be a barrelled space and (3 be a 
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collection of bounded subsets of X covering 2, Ihen X* 
is quasi- complete for the (Jp -topology . 

THEORERl 2,11 : Let X be a barrelled space and Y be an 

l,c, ITS. Suppose ^ is a sequence of continuous 

linear maps from X into Y such that R(x) = lim R (x) 

n-^oo ^ 

exists for all x G X. Ihen R is continuous. 

PROPOSITION 2.12 ; (i) Por a bornological space X, 

(X*,p(X*,X)) is complete? (ii) every metrizable locally convex 
space is bornological? and (iii) a complete bornological spare 
is barrelled, 

, Let (X,T) be a Hausdorff l.c, TYS and X** be the 
bidual of X, which is defined as the topological dual of X* 
corresponding to the topology p(X*,X). Por x G X, the linear 
functional x on X* given by x(x*) = x*(x) for x* G X* 
is a member of X**. Then the natural cannonical map 
J:X -»■ X**, J(x) = X, is an injection. 

Depending on the properties of J, we have 

t „ 

DEPIIITION 2.13 ; A Hausdorff l.c, TYS is said to be 
( i) semi- reflexive if, J is onto? and (ii) reflexive if J 
is a topological isomorphism from (X,T) onto (X**,p (X**,X*) ) , 

PROPOSITI OK 2,14 i Every reflexive space is quasi- complete and 
barrelled. 
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The following three results on compact sets axe due to 

'V' 

Eberlein and Smulian. 

PROPOSITIOH 2,l5 : (Julian) i In a metrizable locally convex 

space X, weakly sequentially compact and weakly countably compact 
sets are the same. 

PROPOSITION 2,16 ; (Eberlein): An (E)-spa.ce is reflexive if 
and only if every bounded subset is weakly relatively countably 
compact . 

PROPOSITION 2,17 : (Eberlein)' The weakly closed weakly 

countably compact subsets of a locally convex space X which 
is complete for the Mackey topology, are the same as the weakly 
compact sets, , 

Recalling the notation R* for the adjoint of a linear 
map RjX — Y, we have 

PROPOSITION 2.18 j let (X,T) and (Y,S) be two l.c. TVS 
and R be a T-S continuous linear map from X into Y,' 

Then R is also cr(x,x*)- o-(Y,Y*) continuous. 

PROPOSITION 2,19 : Let (X,T^) and (Y,Tg) be two 1, c. TVS . 

If the linear map R;X -► Y is continuous then 

R*j Y* — X* is o(Y*,Y)- ff(X*,X) continuous! also if the 
linear map R is o(x,X*)- 0 (Y,Y*) continuous then R is 

T(x,X*)-Tg continuous. Therefore R is a(X,X*)- 0 (Y,Y*) 

continuous if and only if R is t(X,X*)- t(Y,Y*) continuous. 
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Ooncerning the sequential dual of an l.c, IVS (X,l), 

we have from [1.10 . 

DEI'INIflOH 2.20 i A subset B of is said to he l~ limited 

if lim sup |f(x^)l = Oj for every null sequence- 

n-oo foB ^ ^ 

(i,e .5 x^ -^0) in X. The finest locally convex topology on X 

- 1 .. 

having the same convergent sequences as in T, is denoted hy T . 

A topological vector space X is called a Mazur space if X'**’ = X"^, 

PROPOSITION 2.21 : Por a locally convex space (X,T), 

(XjT'^f = (XjT^)’' = (X,T)t 

If (X,T) is bornological, then T = T”*” , 

3. VEO TOR- VALUED SEQUENCE SPACES 

This section provides necessary background from , [30 , [90 
and [90 , for our subsequent work. 

The vector-valued sequence spaces considered here are 
defined in two ways. To be precise, for a dual pair <X,Y> 
of vector spaces defined over the same field IK ,. a vector— valued 
sequence space (WSS) or a generalised sequence space is a 
vector space a(X) of sequences from X with respect to the 
usual pointw is e addition and scalar multiplication. By the 
generalized Kothe dual ) and the generalis ed g- dual 

A^(T) of A(x), we respectively mean the spaces 
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(A(X))^ = (Y) = { {y } :y e I, i>l and 2 j <x . ,y . > [ < 

XI - i X 

for all {Xj^} in a(x)} | 

and 

(A(x))P = aP(y) = Hy } ;y e Y, i>l and 2 <x.,y,> 

r 1 - i>l ^ ^ 

converges for all {xJ in A(X)}. 

The generalized Kbthe dua-1 of A^(Y) is denoted by = 

(A’"(Y})^ and so on. 

Corresponding to a vector space X, we define 
fi(X ) = { X = { x^} ; Xj^ G X, i >_ 1 } I 

$(X) = {x = { X.} : X. e X, i >_ 1 and x. = 0, for all 

but finite indices i) . 

We reserve x, y etc. to denote a vector-valued sequence 
i.e. X = {x. } and a, 6 etc, to denote sequences of scalars. 

-V) 

The nth section x of x is defined to be the sequence 

{x^jXgjXg, , . . ,x^, 0, . , . } . for X e X, the symbol 6^ • stands 

for the sequence { 0, 0, , , , ,x, 0,0, , . , } where x is placed at 

(n) n X. 

the ithr-place. Clearly x = 2 

i=l ^ 

PROPOSITIOI 3.1 : We always have 

(i) MY) C 

(ii) If A(x) C A(X) then a’' (Y) 
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(iii) A(X) 

(iv) If ^ (X) d a(XJ, then A(x) and A^(y) form 

a dual pair <A(i), A^(Y)> under the hilinear functional F 

given by I'Cxjy) = 2 <x.,y.>, i = {x.} e A(x.) and 

i>l ^ ^ ^ 

y = {yj_} e a''(y). 

The following notions are due to Pietsch [ 93 ] 

DEPIhlTIOh 3,2 : let M be a subset of ^(X), M is called 

normal if for x e M and {a^;} C IK, with la^^j <1, i > 1, the 
sequence a x = {a^x^} G M. The normal cover or normal hull 
of a set M, denoted by M is the set of elements x such that 
X = a u, where a = {a^^} C K , with ja^j < 1, i > 1 and 
u e M. A VVSS A(X) is said to be perfect if A(x ) = 

Clearly every perfect YYSS is normal and so A^ (Y), being perfect 
is normal. 

In order to form the dual pair <A(x), A (Y)>, we assume ' 
throughout that ^’(X) C. ^(X), Thus we have various (S -topologies 
on either of the spaces correspondirig to the dual pair <A(X), 
A^{Y)>‘, for instance the weak topology cr (a (X ), A^(Y) ) 

(ctCa’^ (Y),A(X)) ), the Mackey topology t (A (x) ,A^ (Y ) ) (t (A ^ (Y),A(x} j ) 
and the strong topology P(a(X),a’^(Y)) (p(A^(Y),A(X))) on 
A(x) (A''(y))). 

There is another natural locally convex topology on A(x) 
known as the normal topology which is denoted by n (A (X),A^ (Y) ) 
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and is generated by the family 
where 


mm, X 

y 6 (Y ) } of semi -norms 

y 


p_(5) = I l<xj^,yj^>l , 

y i>i ^ 

for each y {y^} in A^(Y), 5 = G a(X) . Similarly , 

we define the normal topology ri(A^(l), A(X}) on A^(Y) by 
the family {p_: x e A(X) } . 

X 

Gregory [ 3 ^ introduced soli d topology on a(X), which 

in particular case coincides with the normal topology. He 

considers an (i? -topology on a(X)., generated by the normal 

hulls of weakly bounded subsets of A (Y). Ihis topology 

can also be obtained by the family {R ,j S } of semi-norms, 

S 

where 

R^(x) = sup E l<x-,y. >[, X G A(X). 

^ yGS i>l 

Ror an l,c, lYS X with dual X"*, Cac [ 9 ^ proves 

PROPOSlilOH 3.3; (i) If a net {x^} in A(X j converges to x 
in a(A(X), {!.*)) then x^ ^ x^^ in a(X,X*), for each i>l. 

(ii) Ihe normal topology n(A(X), {Z*)) on A(X) is 

compatible with the dual pair <A(X), a’^(X'**‘)> . 

The following results are from [sQ and [4^ respectively; 

PROPOSniOl 3.4 ; Let <A(X), p(X*)> be a dual pair of WSS 

. V (n.) 

with A(X } normal and i> (X* ) C. y (X*) C. A (X*) . Then { x ) 
converges to X, as n 0 ° in t ( A(X), y (X*) ) . 
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PROPOSIl'IOI 3,5 ; For a normal subspace u(X) of A^(Y) sucli 
that <A(X), y(Y)> forms a dual pair, the a(A(3[), y(Y))--and 
n(A(xj, V (Y) )- convergent (Oauchy) sequences in A(i) are the 
s ame . 

Concerning matrix transformations on VTSS, we have the 
following due to Gregory [38] . 


PSPIhlTIOh 3', 6 : Let A(X) and A(Y) be two VYSS corresponding 

to l.c, IVS X and Y. A linear map iljA(x) ->• A(y) is said to be 

^ ma trix transformation from A(x) to A (Y ) if there is a 

matrix .[] of linear maps Z. X - Y, i ,3 >_ 1 such that 

for each x G A(x) the series 2 Z. .(x.) converges to y. 

j.>l ^ ^ 

in Y with respect to a(Y,Y*) for each and (Z(xJ). 

= Z 2. .(x.) = y. . 
j>l IJ D 3- 

PROPOSrilOH 3.7 : let (a'^CX*), a(A’‘(X*), A(X))) be sequen- 

tially complete and y(Y*) be subspace of A^ (Y*) so that 
<A(Y), u(Y*)> forms a dual pair. Then a linear map Z:A(X)-* 4 (Y) 
is ar(A (X) , A^ (X* ) )- a(A(Y), ii(Y*) ) continuous if and only if 
it is a matrix transformation of weakly continuous linear maps 
from X to Y. 


For the discussion of another type of YVSS, let us consider 
a normal SYSS X and a locally convex space (X,T), Equip X* 
ith the topology p(Z*,X) and denote by (2; the class of all 
ounded subsets of X, We set 
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X(X) = {x = { 6 X, i>_l aJid ip(x^)} G X , 

£ or all p G D,ji J 

and 

X^CX-"') = {f^{f.}5 f^G X*, i>l and {p3(f.)} G X^ 

f or aJ-l B GO?; ^ • 

Let us assume that X is equipped with a normal 
(5-topology compatible with the dual pair <AjX^> and 

generated by the semi-norms {p,-,J S G^ } ? where 

O 

p„(a} = sup { £ ia-llB-l} and (S is a family of normal 
{§i}G S i>l ^ ^ 

hulls of balanced, convex cr(x , x)-bounded subsets of X ^ 

covering X^ , Then the family {p__ op ; S gC 3 > P S 

S 

of semi -norms on X(x) given by 

(Pg op) ( 5 ) = Pg(tp(Xj_) }), 

for X e X(x), generates a Hausdorff locally convex topology 
on X(x) denoted by If X and X are normed spaces 

then x(x) is also normed with respect to the norm [j 
ll^l lx(X) " 1 U 1 l^i! topology on x is 

X ' ' ' 

always assumed to be compatible with the dual pair <X,X > so 
that t(x , X^). 

A semi norm p on X is said to be absolutely monotone 
if p(a) < p(f) whenever |a.| £. |P-j each i^l* We 

shall denote by e^, i>l the sequence { 0,0, ... ,1,0,0, ... } 

' ■ 4 ' . 

ith-place 
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and call a Banach IC-space x as a BK - space . 

Bor the space we would also need the follo?/ing 

two results respectively from [ 3 ^ end [Jt] . 

PROPOSI'flOH 3.8 i i’he topology on X is normal if 'and 

only if 1'^ can be determined by a set of absolutely monotone 
s emi -norms • 

PROPOSITION 3,9 : Por a 0 X , S - a in t(X 5 X ). 
Concerning the space (x(X), we quote the following 

from [17] . 


PROPOSITION 3.10 : (i) (X(]0} ^x(X)^ ^ GK-GAK- and GC-space. 

It is a Banach space if X and X are Banach spaces. 


(ii) If X is normed, then (X(X), ^x(xp* ~ x’‘(X*) where X* 
is equipped with the natural norm topology. Purther, if X 
is also normed then the norms u and v defined on X^(X*) by 


and 


y(f) = sup 1 



v(f) = 

are equivalent, that is 
normed space X(X), 


_ sup 1 Z <x,,f.>l, 

xlU(x)<l i>l 


X^(X'*‘) is the strong dual of the 


(iii) Por the sequence space (x(X), the mappings 

P^:X(x) X , defined by P^(x) = { r(xj_)>, r e D , are 
uniformly continuous. 
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4 IUGLB/lPlI'J!! 

Bor the results of this section we refer to and [90 « 

Let (X,|| 11^) a^d (fjll |ly) 'be two normed spaces. 

Then vi?e have 


DEBIhlTIOh 4,1 ; A linear map ZiX -* J is said to he 

(i) pre comp act if Z(B) is a precompact subset of T, where B 
is the closed unit ball of X| and 

(ii) nuclear if there exist sequences {y^} C Y and {fj^}Cl'X* 

with Z [jy [| llf^il < °°5 such that Z(x) = 2 <x,f >y , 

n>l ^ X* n>l 

for all X G X, 

yuj-cJI-eofi/ 

Bor a nuclear map ZsX Y, its^norm 1(Z) is defined by 

H(Z) = inf C Z - IlynliYllfjjlI.J 

11^1 iL 

where the infimum is taken over all possible representations 
of Z , 


Some interesting facts regarding precompact and nuclear 
maps are stated in 


PROPOSITIOH 


f 4,2 i Let be a sequence of precompact maps 


from (X, 


X 


) to (Y, 


CL 


n 


), If -► K in the operator 


norm then K is^precompact map, 

PROBOSITTOB 4,3 ; (i) The composition of a nuclear map 
with a continuous linear map is always nuclear; and 
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(ii) the p oixitwise-limit of a Cauchy net in the nuclear norm 
of nuclear maps is nuclear. 

For defining a nuclear space we need construct some 
normed spaces due to Grothendieck. Indeed, consider 
u G U (s) for a loca,lly convex space S. flien the set u° 
is halanced, hounded, convex and p (X^,X }-complete subset of 
X*. Define ]S(u) = ' {x G X, p^(x)= 0} . then the q.uotient 
space X^^ = X/X(u}, is a normed space with respect to the 
norm p where p(x:(u)) = p^(x), x(u) being the equivalence 
class in X^ corresponding to the element x 6 X, The 

oo 

subspace X*(u°} = ’^/ n u° of X*, is a Bsuiach space with 

n=l 

the norm p (f) = sup {jf(x)|: x G u) . Concerning these 
' u° 

spaces, we have 

PROPOSITION 4,4 : The Banach space (X*(u°j, p ) is the 

u 

topological dual of ^ (X) . 

Coming back to our discussion on nuclear spaces let 
V G Xi(X ), such that t is absorbed by u. Then there exists 
a natural continuous embedding X^ -* X^^, defined by 

= x(u), where x(v) G X^ and x(u) G X^l and hence 
we have a unique continuous linear extension of 

from the completion X^ of X^ to the completion X^ . of 

We are now prepared to give 
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DEPIIIIIOH 4,5 : A locally convex space X is said to be 
nuclear space if for each u e 'U.(X) there exists a 
■V G such that v is absorbed by u and the map 

K^: is nuclear. 

The following result due to Gregory [S^ is eoi interesting 
generalization of the Grothendieck-Pietsch criterion, 

PROPOSITION 4.6 : Por a locally convex space X, the 
YJSS (A(X), n(A(X), A^(X^‘'))) is nuclear if and only if 
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GENERiOjIZBD il^-SPAOES 

1. INTRODUCTION 

This cha.pter is mainly devoted to the study of the space 
^'P(X) (1 < p < °°) of absolutely p-summing sequences in an 
l.c, TYS X. Besides a few results on perfect WSS in 
section 2, the rest of the sections axe related with the study 
of in one way or the other. Indeed, after having 

investigated the generalized ICothe and topological duals of 
^^(X) in the most general setting of an l.c. TVS X, we 
characterize convergence in this space and obtain results 
concerning the characterization of weakly sequentially compact 
sets and S-Radon Riesz property. 

Bor an l.c. TVS X, we define 

SL^(X) = {i = {X.} : X. e X, i > 1 and S (p„(x. ))^ < 

1 1 u 1 

for each u e ‘^U'(X) } > 1 < p < “l 
= {f = {f.}i f. e X*, i > 1 and 2 (p 

1 1 gO 1 

for each B G;3 > , 1 £ q < <»j 

OO' , «« 

z (X) = {X = {x^} : x^ e X, i > 1 and’ {Xj^} is bounded in X} ; 

)i“(X*) = {f = {f^} s f^ e X*, i > 1 and’ {f^} is p (X*,X) 

bounded in X*} . 
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2 . OHARAOTBtilZA'IIOM OF A PERFECO! GEKBHAlilEEP SEQUENCE SPACE 

'Ihe main result of this section, namely the characterization 
of perfectness of A(X), has been bifurcated in the form of 
following two propositions. 

PROPOSITION 2,1 : Let X be a weakly complete locally convex 
space and A(X) be perfect. Then the space (A(X), n(A(x), 
a’‘(X^))) is complete. 

6 

PROOF ; Let {x } be a n ( A(X),a’‘ (X*) )-Cauchy net in a(X). 
Then for G > 0 and f = G A^ (X*), we can find 

6o = ^^(Gjf) such that 

(*) 2 l<x?-xt^ f. > 1 < G, for 6,6' > 6„ 

i>l 111' “ o 

Now for f G X'*' and i G IN (the set of all natural numbers), 
the sequence 6^ is in A (X*), Con sidering 6^ in place of f 
in (*), it follows that the net {x^ } is a a (X,X*)-Cauchy net 
in X, for each i ^ 1, As X is ex (X,X*)-complete, we have 
a sequence {x^^} X with the property that x? — x^ in 
cr(x,X*) for each i > 1, For n G IN , we have from (*} that 


n 

Z 

i=l 


fpi< 

G 

for 

6,6* > 6 
' — 0 

n 

Z 

1=1 

i<4 - 

fpi< 

e. 

6 > 

^0 


on considering the limit over 6*. As n is arbitrary we get 
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IT ow 


i>i - ^1' VI < e, 6 > 6 


0 


i>l IV’VI i I f^>| 

6 

^ i>i -^i> 

“ A-(X) = .a),\. .(X) is perfect. Hence 

( ) and («) i„edlately lead to the fact that the net 
converges to 5 = ,,.j , (a (X), a^(X*)) . 

: If Z is weaxiy sequentially oonplete ^d X(x) i, 

I UJ, n(fl(X), A (X*))) is sequentially complete 
and hence (A(x),ct(a(y) ■ 

^ ^ A ^ U;, A a )j) IS sequentially complete. 

PROPOSIIIOH 3.2 : per an l.c. TVs X. let the WSS (.(Z), 

>'(A(X), A“'(X»))J be sequentially complete. Then a(Z) Is 
perfect, 

1 S let “yc P f Y ) nru v* i 

® <“ for each 

^ S A (x } • Iberef ore for p > n -pvi v. • j. 

uxe lor e > 0, there exists n e IN’ 

4 - 1 - 1 .-^ - 4 - 0 


■? < e 

i>n +1^1' 

~ 0 

_i^) 

and so x -* x in ri(A^^('X) h^(y*\ \ a 

v A \X ))t X G A(x) 

for each n>l s„a n (A (X), A« (z-))-complete it 

follows that ;e A(X). Hence A-(Z)= A (Z), since the 

Other inclusion A(x ) r" a’^ V -.-v, t 

K^J A_ A ^X; IS always true. 
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Combining Propositions 2.1 and 2,2, we get 

THEOREM 2.3 ; Let X be a weakly complete l.c, TVS. 

Then a(X) is perfect if and only if (A(X;, n (A(x), A^ (X*) }) 
is complete. 

RemA-fe i If 'X is the space of real or complex numbers in 
Theorem 2,3, we get the result for sc alar -valued sequence 
spaces (cf, [vQ p, 413). In view of this, one can think 
of the perfectness of VVSS x(X) which are defined with the 
help of an SVSS X and an l.c, TVS X, only when x is perfect, 
Eor instance, it is shown in [40 that corresponding to X = 
and S, the spaces t (X } and a (X) are perfect for any 

l.c, TVS X, whereas ^•^(X} and ■ii°°(X*) are perfect for 
cT-quasi barrelled spaces. We will show in the next section 
that the spaces Ji^(X), l<p<°o, are perfect for sequentially 
barrelled spaces. However the spaces $(X), ^(X*), h(X) 

and h(X*) which are defined independent of any SVSS X , are 
always perfect for any l.c. TVS X (see [90, p. 42). 

3. DUALS OE ii^(X) 

For a Hausdorff locally convex space X, the spaces il^(X), 
l<p<«> and l'^(X*), l<q<°° are Hausdorff locally convex spaces 
when they are respectively equipped with the topologies generated 
by the families {P„:u e } and {P : B of semi- 

norms where 
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1/n 

.5e 

and 

l/q 

= ^n>l ,fe *^(X*). 

One can easily verify that the space ii'P(X) is metrizahle 
if 5L is metrizable? z'^{X) is complete if X is complete 
and therefore £'^(X*) would be a complete space for a 
bornological space X because (X*,p (X*,X) ) is complete in 
this case (cf. Proposition 2,12, Chapter 2). In this section 
we find the ICothe and topological duals of 2.^(X) and show 
that they are nothing but the spaces £'^(X*), where ^ + i = 1, 
1 < p < °°, for a sequentially barrelled space X. We start 
with 

IHBOEEM 3.1 : Let X be a sequentially barrelled locally 
convex space and p,q be such that 

11 

1 < p , q < and — + — = i , Ihen 

p q 

(i) (£P(X))'' = £'1(X"^). 

(ii) (^^(X*))’' = ^^(X). 

PSOOP j (i ) Por showing (£-P(X} C £'^(X*), consider 
{f.} 8 (£^(X))^« Then J |<x. ,f.>l< for each 

i>l 3. r 

5E 8 fi-^(X). let B 8 (2) and be any sequence in £^ , 

Then we can find a sequence {x^} C. S such that 



1 


Q Indeed, p (f ) = sup |<x,f.>l, Vie Bl' , and so for ^ 

^ xGB 1 

(assume p ^ 0, i > 1) there exists x^ G B such that 


iPds 




==> iPil P 


Bo(fi) < l<PiVVl • 


Since the above inequality is clearly true for the indices i 
for which = 0, we conclude (*).3 for u e 'i/XX), 

there exists X > 0 such that Pj^(x) < X , for all x e B 
and therefore 



({p X. }) = 2 

^ ^ i>l 


(Pu(Pi^i))" 





< E Ip p xP < CO , 
i^l 

Consequently, ^P^2:^> G and hence from (*), it follows 

that E [p I p (f . ) < As {p.} e is arbitrary, 

i>l ^ BO ^ ^ 

we infer {p ^(f • )j G sl^, i.e., {f.} e S.^(X*). 

^ 

Bor proving ii'^(X*) <C (^'^(X))’', let us consider 

{f } e ,ii‘^(X*). Then I (p ^(f- ))'^ < for every B . 
^ 3 i>l ^ 
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Hence it follows that 


0 as i -* oo, ill ^(X*,X) . 


Aq Y ^ ^ P 5JL i * 

s sequentially barrelled, {f } io on 

subset of V* - ewcontinuous 

,, . ; * Proposition 2.5, Chapter 2 

ere exists u e ^U(Z) such that {f j u° r l ' 

snaopo r,- - X i ^ • Recalling the 

spaces J and (z*(u°) n \ 

p- -f- ^ OP Proposition 4.4, 

Chapter g define f g v f 

6 Z (u } by f (x(u)) = f /„) , 

Ihen f. ig continn n • ^ 1' ll 

1 s continuous linear functional on fx n ^ 

P or X G ") 'j 

X b Ji. consider 


^ ‘<^i»Pi>| = _2 


i>l 


i>l 


<Xj^(u), f >1 


- m Sl^i(«)) 

“ i|i 

B C Au for 30.0 A > 0, we have p yf) < , ^ ^ 

« e xyu°J. lias, f |<K ,£ >1 < . y “ ’ 

^ “ i>l < 

Hence (f.) e (.P(x))x 

('!•) Por proving the inclusion 1 j " jPi'y^ 

““ •“ »• f 

sequence <uyin -a an e.uicontinuous eeauence (g. , ^ 

u J ^ <Tr " -^“Acontinuous in x*, there exists 

a.(X) and a constant E > 0 such that 

<x,gp| < Kpyx), for all X 6 2, i > 1. 
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Por any 5 e consider 



Hence ® (^^(XJ)^ = £^(X'*) by part (i). 


Let us now consider ' {x.} e (ii'l(X^))^ and choose 
® Xpplying Proposition l,6y Chapter v 7 e get a 

sequence {g^} (]_ X''*- such that i<x.,g^>l = p^^(x^) and 
l<x,g^>i < p^(x), ¥x e X and i > 1. Thug for {a^^} e £^, 

{a.g. } G 2 ,'^(X*) and therefore 2 la-lp fx ) = 

l«il l<Xi,gi>l < Hence {pjx^)}e that is 

In order to shov7 ^■■^(Xj (^'^(X*))^, consider {xj^}G Ji'^Cx), 

Let {f^} be an arbitrary element of i^(x*). Ihen {f^} ig an 
equicontinuous subset of X* and therefore (fJ C u°, for some 
u- e'^_(X). Once again considering the spaces (2^,p^) and 
(X*(u°), p^^) and proceeding as in part (i), we conclude that 

1 l<Xj^,f .> j < oo, ihus G ( ^-^CX*) ) ^ and hence 

i>l y- j- 

Since the numbers p and q are interchangeable, the 
above result immediately leads to 

GQROIilRY 3»2 : Por a sequentially barrelled space X and 
l<p,q <«>, the spaces il^(Z) and Z^Z*) are perfect. 
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Ooncerning the topological duals, we have 

THEOREM 3.3 j If X is sequentially barrelled and 1 < p, 

1 1 

q < oo with + — = 1, then 

where 5-^ (2) is equipped with the locally convex topology 
generated by the family {P^:u e ^U.(X}} of semi-norms. 

PROOE; We first show that (2) )* Cl • Let us 

first observe that the map R^jX -* 5.^(2), Rq(x) = b? is an 

algebraic isomorphism for each i > 1. Since P^(R^(x)) = 
py^(x), each map R^, i > 1, is also continuous. By fixing 
i, 2 can be regarded as a closed subspace of ^•^(X). Row, 
consider P e (^^(2))* and define {f.} C" X’ by <x,f •> = 
P(6q), i>l» Since P is continuous, {fq} (1^^** 

(n) 

Por X G ^^(2), we know that x ^ x in i2.^(2). 

Indeed, for G > 0, we can find n^ G IN such that 

2 6* Hence pf_(x^^^ - x) - 0, as n - 0 °, 

i>n +1 ^ ^ 

• ° _(^) n X. 

Therefore P(x ) = Z P(b.^), implies 

i=l ^ 

(^) P(i) = X <x-,f.> . 

i>l 11 

Define PH such that = [<Xq,fq>j . As 

is perfect by Corollary 3.2 and ja^j = 1, i > 1> 

{a-x.} G hiH(X). Thus by (*), Z <a-x:.,f.> converges, i.e., 
1 1 1 1 1 
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S {<x. ,f.>l < Conseguently , {f.} e (£^(X})^= 

, 

by Theorem 3.2 and therefore (A^(X))*(^ £'^(X*). 

For reverse inclusion, let us consider ’ {f^} G ii^(X*). 

By Theorem 3.2, the series 2 <x.,f.>, being absolutely 

i>l ^ 1 

convergent for every ic G ^•^(X), is convergent and therefore 
we can define a map F from ii^(X) to IK by 

F(i) = 2 <x. ,f •>. 

i>l 

Clearly, F is a linear functional on Ji^(X), 

For showing the continuity of F, wg observe that the 

sequence { f is equicontinuous in X* and therefore 

{f.} u°, for some u G %l(X)» As every bounded set is 

absorbed by u, it obviously follows that {p (f . }} G 

u° ^ 

Now applying Proposition 4,4, Chapter 2 and proceeding as in 
the proof of part (i) of Theorem 3.1, we get 


1f( 5)1 < 2 l<x.,f.>l 

- V -1 » X X ‘ 



==> 1F(5)| < K P^(x), 

where K = ( x (p ^Cf . ) 
i>l u° ^ 


Since the map F defined 



49 


by {f^} is continuous, each {f .} 


gives rise to a continuous 


^ ^ V-'XI uxiJlUUUi 

ear functional F on iP(xj. ijjus we conclude 
^ - <fi> e («P(X))». Idle oomplctee the proof. 

For t (Xj, we have 

THEOREM 3 .4 : if y -i c 

X IS a a-quasi-barrelled space, then 

(^^(X))*= where !i^{Y) ■ 

V wnere {x) xs equipped with the 

topology generated by the family {p ju e ('Z ) } n-f 

O' ^^u.u b of semi-norms. 

proof : Since X is o-auael barrelled, each sequence In 
^ (X*), being p(x*,x)-bounded, is equloontlnuous . How the 

piTOOf Z*UllS 031 "tils linpQ 4- 4-i 

ines similar to that of Theorem 3.3, 

For p = CO, the result is not true even in the case 
wben^ X^= IE. p.^eed, we cannot claim the convergence of 
to X in the topology of £“(z), 

4 OOHTERGEHGB II Jl-P(x) 

This section starts with 

THEORIM 4,1 j let ("y i >> 

(X,T} be a sequentially barrelled l.c. TVS 

tb " ' " "" ^ and 5E s .P(y), 

^ X in the topology of £P(x) if and only if 

"'i "* X ^®lative to T, ¥i > ij and 

^u^^ l “* for all a e 
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_6 

PROOI : If X ->■ X in ■ 2 .'^(X), then (i) follows from the 
inequality 



which holds for each G Dqi. Ihe condition (ii) is immediate 
from the inequality 

lEu( 5 ) - < pyx - y), 

where x,y are in 


let us now assume that (i) and (ii) hold. As 

X e Ji^(X), we have S (p„(x.)}P < co, ifu cV.(X). Therefore, 

i>l . 

for given G > 0 and u G “^.(X;, we -can find a positive 
integer such that 


2 


i>I 


o 




Let us now consider, 


C'pyx-- 5)^= (pyxf-xy)^ 




i=l >^11 u 1 r 




< (py4--p)‘> + Dyxf) + pyxpn 


i=l 

N 


< I (Pu(^r^i))^ + C 2 (pu4)f 

i=l > i>ll ^ 3 - 


t 2 ^^ 


i>Ko 

bhe inequality (aH-h)^^< max ( 2 ^"^,l)(aP+TD^ ), a,b >0 (cf.JlSr]). 



Making use of (ij, we can find 6' such that 




o 


(Pu(xkx.))P < |£, 6 > 6’. 


Prom (ii), we have 




i>ll 


i>N 


U'' 1 


Hence we can find 6'*, such that 


.L - .L < ^'-T . * > 6"- 


i>N 


i>H ^ 
o 


Choose such that 6^ > 6’ , 6". Then for 5 > , 


m~ _,-_P pP f, 1 _ pP 

Lv^ -z)3 < |- + 




i>H 


e-P 

< I-+ a 


,P-1 


4.E- 


,P-1 


+ 2 


>P 


8.2- 


rT3=eP. 


,P^ 


Thus X 
is true. 


X in the topology of (Z) ajid hence the. result 


Concerning the weak convergence in iZ.P’(X), 1 < p < 0 °, 


we have 


THEORMvI 4,2 j Let X be a sequentially barrelled l.c. TYS 

- n ^ 

and 1 < p < 00 ^ Assume x e and {x } is a sequence 

in , Then 5 - S weakly in ^ only if 

viRAilf 
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(i) ¥i > I5 and 

(ii) for every a there exists an > 0 

such that ( E (p,,(xf ) )^/-P < M , ¥n > 1, 

i>l ^ ^ u - 

n 

PROOF : Let X - i in a(jl^(X), i!.^(X*)). Since 6^0 

for each f G X* and i 2 we have from hypothesis that 

n „ 

— ^ X n 

<x -X, 6-> = <x--x. ,f> -» 0 as n - 00 ; and hence (i) holds. 

JL i-L j_L 

D 

Now the sequence {x } , being weakly convergent in (x) , 
is c^(^^(X), A‘^(x*);_bounded. Also from Theorem 3.3 the 
topologies a(£^(X), £'^(X*)) and T are compatible 

XI ^^(X) 

and so {x } is bounded in T by Proposition 2.3, Chapter 2* 

^^(X) 

Therefore for each P^, there exists > 0, satisfying (ii). 

Let us now assume that (i) and (ii) hold. It follows 
from (ii) that for each u G‘iX(X) we can find a constant 
\ ^ \ ^ P^^(x) such that 

n 

P^(i -5) < K^, ¥n > 1 

n 

and so, the set {x -x, n>l} is a bounded set in £^(X). 

For each i 2 1> Is't denote by l'.L, the subspace 

{,6?:f e X*} of £‘1(X*). Then ip { W M.> 2.'l(X*j, wnere 

^ i>l ^ 

the closure is considered in the topology of £'^(X*). In order 

to show the equality £'^(X*) = ip { V_y M.} , let us take B in 

i>l ^ 

and an element {f^} e a'^(X*). Then 
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(*) 

Consider 


P o({fiI) = ( E (p 

3° ^ i>l B° ^ 

/- K 

^ ^n+2”* 


= ( 2 (p Q(f. 0 as n -* ‘=0, 

i>n 3 ^ 


0/ *x . s -(n) ^ 

in £^(X ), by virtue of (*). Since f = S 6- S spCL-Z M.>, 

i=l ^ i>l ^ 

for each n > 1, it follows tnat {f } e ip ^ 'v_/’ M.>; and. hence 

i>l ^ 

ip { W M.} = 
i>l ^ 

I^ow from (1) <2: -x,6?> = <x^-Xj^,f> 0, as n — for 

all f G X and i > 1, Since a member h in sp.^W M. ][• is a 

, i>l ^ 

finite linear combination of elements in V i > 1}* . , 

X -“7 

<x-x,h> 0, as n -*• °o. 


Consider now f = {f^} e il'^(X*). Ihen for a bounded set 

B in X and G > 0, we can find h G sp {\J M.} such that 

i>l ^ 

P (f-h) < G. Since {f.} is an eq.uicontinuous set in X* and 
B 

hj_ = 0 for all except finitely many indices i, it follows 
that the set {f . - h- , i > 1> is contained in u°, for some 

>L 4^ "" 

u G “XICX}* Also B XU for some X > 0, implies that 

p r, < xp Once again we use the spaces (X,,, S ) and 
u“ ” B u u 

(X*(u°),p q) given in Proposition 4,4, Chapter 2 > and consider 
u 







n 


i>l 


i>l 
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For the above G > 0, we can find an integer n^ G HT si^ch that 
E |<xf-x-,h.>j < G, for all n > n^. 

i>l X X i - 0 

Hence 

XI 

I <Xj_-x^,f^>[ < (X S^+1) G, for all n > n^. 

As {fj_} G a‘^(X*) is arbitrary, the weak convergence of x^ to x, 
follows, 

5* WEAK SEQUEIm UAL GOMPAOTHESS K £^(X) 

(The characterization of compact sets in the space is an, 

immediate consequence of a general- re suit proved in m, csg 
and [j.03] ; however, characterize vi/eakly relatively sequentially 
compact sets in Iheorem 5,2, in which we make use of 

lEMviA 5,1 I In an l,c. lYS (Z,’I), if a sequence 
weakly to x, then 

lim inf p^^(x^) >yp^^(x) , 

^ .n ,-«■ ' 

f or every u G %(X 


converges 
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PiiOOI^ i Let G > 0 be aji arbitrarily caoseii small number and 
Pu ^ ^ ® Since p^(x) = sup {jf(x)| : f G u°}, 

we can find G u° sucn that 

> Pu(x) - e/2, ¥x e 2. 

Also, x^ - X, as n - oo in ct(x,X*) implies ^qCx), as 

n oo. Hence for the above G > 0, there exists n^ 6 IK' such 
that for all n > n^, ilfQ(x)| - [f j^(Xj^)| 1 < e/2, which implies 
t hat 

l^o<^^n^l > ^ > ^0* 

Since f^ G u°, we have foCx^^) < P^(x^), n > 1 and so 
Pu(x^) > [fo(x)l - e/ 2 , n > n^. 

This in turn, implies 

Pu(Xn) > P^(x) - e, ¥ n > n^. 

Hence 

lim inf P^(x^) > Pj;^(x). 
n -* 0 = 

Ihe main result of this section is 

IHSOAEM 5.2 : Let X be a sequentially barrelled l.c. T7S 
and 1 < p < °°, Ihen a subset a of ^^(X) is weakly relatively 
sequentially compact if and only if 

(i) A is bounded in s,^(X )5 and 

(ii) C^(A) is weakly relatively sequantially compact set 
in X, ¥n 2 1, where s fi.'^(X) -* 2 are linear maps 
def ined by C^(x) = x^^, x = { x^} G £^(2). 
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PROOF : Let a be a weakly?' relatively seciuent tally compact 

set in £^(X), Ihen A is weakly bounded and tnerefore bounded 

in (cf. Proposition 2.3, Chapter 2j. For proving (ii) 

we fisc an integer e® and consider 0^ (A). Let {y^} be 

0 

a sequence in (A), Ihen we can find a sequence {5E } in A 

0 

Ii 

such that = y^, ¥n > 1. As A is weakly relatively sequentia- 
0 n . 

lly compact, we c.an find a sequence {i C{x } such that 
n . 

x^-x, as 3 -»“, in a ( (X) , ), Thus for each {f^^} G 

n . 

[ E <x.^-x.,f. >1 -* 0, as j - 
i>l ^ ^ 

Low for f 0 X* aiid. i _> 1, 6^ G S-^CX*; aSid so choosing 6? in 
place of {fj_}, in particular, we get 
n . , 

i <x^^-Xj^,f> j -* 0, as 3 ^i > 1. 

n . 

This clearly implies that y = x ^ ^n as j “ weakly in 

3 0 o 

X. Hence C (A) is weakly relatively sequentially compact in 
■^0 

X and so is G^(A), for all n > 1. 


For converse, ler us assume that (i) and (ii) are true. 


_n 


Consider a sequence {x } in A. As {x^} is contained in C^(A), 

which is weakly relatively sequentially compact in X, we can 

n.(l) 

select a subsequence n.(l) of BI such that x-," converges 

■ ni(l) 

to x^ as i ~ relative to cf (x,X ), Bow {x2 • i I 

is contained in ^^(A), implies that we can select a subsequence 
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n.( 2 ) ^i(l) 

{Xg si > 1} of {Xg 

i ^ c» in cr (Z,X*) for some Xo 

we get a subsequence {x. 

^1(3) 

such that X. -*• x., as n - 

J J 


^ 1 ( 2 ) 

i > 1 } such tnat Xg -* Xg, as 

G X. Continuing in this manner, 
n (3-1) 

i > 1 } of {x . ; i > 1 } 

D 

00 in ct( 3£,X*), for some x^ G where 

J 


3 G IN'. If we 'write x = {x^} then the 

_n ^i^^^ 

of ix } is such that x. x • , as i 

D 3 


_n (i) 

subsequence {x *1^3.} 
— °° weakly in X, for all 


3 >_ 1, To prove tnat x G t'^(X), let G D for u G tJ-(X) and 
choose k G IN arbitrarily. Since A is bounded in Jl^(X), there 
exists > 0 such that 

K n.(i) 

1 (Pu )r < , for all i > 1 . 

3”" 1 

Apply ing lemma 5.1, we have 


n ^-i ( i ) n 

(P^(2:^))^ < lim inf (p^(x ^ )r 

" i -► <x) 


==> 


2 (P^(x.})^ <2 1 in inf (p„(x ^ 

3=1 3=1 i - 00 


H n. (i) 

< lim inf 2 (Pn(^ ^ )r < 

X -* 00 3=1 

As the above inequality is true for all 1 ^ 1 , we conclude 
that X = {x^} G S-^(X), Kow applying Theorem 4,2, we get vhe 
result . 

Remu/tfe : For a reflexive Frechet space X, the space 2 ^ (X), 

1 < p < °° is also reflexive (Uil. p- 142) and Frechet. Therefore, 
the applications of the results of Sberle in and Smulian (cf 
Propositions 2il5, 2.16 and 2,17, Chapter 2) yield 



58 


THEOftEl^i 5.3 ; Let X be a reflexive Erechet space ajid A be a 
subset of ^'^(X), 1 < p < oo. Ihen the following statements are 
equivalent 

(i) A is wealcly compact. 

(ii) A is weakly countably compact, 

(iii) A is weakly sequentially compact. 

, s _n 

(ivj A is bounded atid for every • sequence {x } in A such 

XX 

tiaat as n -* oo in cr(X,X*), for each i 2 

the sequence x = {x^} G A. 

PHOOk : (i) ==> (ii) is true from definition, kor (ii) ==> (iii) 

apply Proposition 2.15, Chapter 2. Let us prove (iii) ==> (iv) 
and (iv) ==> (i). 

(iii) ==> (ivJ, Suppose A is weakly sequentially compact 

-n TO 

and {x } is a sequence in A such that x^ -* x - , as n -* oo fn 

a(X,X*), for all i 2 A is weakly sequentially compact, we 

_n. _n _n. 

can find a subsequence {x of' {x } such that x ^ y, as j - “ 

in a(£P (X), i!.‘^(X*)) , for some y G A. Hence x^^^ 3 °° 

in a(X,X*), for all 12 1* krom the hypothesis and the Hausdorff 
character of cr (j^x*) we get x = y and hence x G A. 

(tv) ==> (i), Let us observe that Ji-^CX), being a 
reflexive k-space, is barrelled and complate r elative to the 
Mackey topology t(X,X*) (cf. Propositions 2,9 and 2.14:, Chapter 2). 
Now, let A be a subset of ii'^(X) satisfying (iv), Ihen in view 
of Propositions 2.16 and 2.17, Chapter 2, it suffices to prove 



tnat A is weakly ^closed , Let x be a weaky^limit point of A. 

,1 . -.n _ 

Then tnere exists a sequence {x } in A such tiiat x -* x, as 

n in cr(2.P(x}, This implies tna,t x^ ->■ x^, as 

n in a (X,X*), for each i 1 and hence x G A by (iv). 

This completes tiie proof of the theorem. 

6. S-AADOB RIESZ PAOPBRTI 

We introduce 

DEPIhlTIOB 6.1 : An l.c. TVS X is said to satisfy the S-R a don 
Riesz property if for a sequence {x^} in X and x G X such tnat 
x^ X, as n oo in a(X,X*) and p^(x), as n - «>, for 

each u G 9J.(X), it follows that p^(x^ - x) -* 0, as n that 

is Xj^ — X, as n -* oo relative to the topology of X, 

According to the classical Radon-Riesz theorem (cf. 1150, 
p. 235 j j the spaces , 1 < p < °o possess this property. 
However for the spaces £^(X), 1 < p < such a result is true 
when X is uniformly convex Banach space (cf, [163 and [82] ). In 
this section, we prove that fi,^(X}, 1 < p < “>, where X is a 
sequentially barrelled space, has this property if and only if 
X has tne same^ which is indeed a generalization of the 
corresponding result of Leonard C75]. We prove 

TKEORM 6.2 : Let X be a sequentially barrelled space and 
1 < p < °°. Then £^(X) has the S-Radon Riesz property if and 
only if X has the S-Radon-Riesz property. 
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paOOx : Let us first assume tnat bas the S-Hadon Hiesz 

property. Consider a sequence {x^} in X and an element x in X 
such that x^ X, as n -* oo in 0 ( 1 , X*) and p^(x^) p^_^(x), as 

n 00 for each u e"lL(X). Define 

= {x^^,0,0, } > 1 

and 

y =■ {x,0,0, } . 

— ^ n ^ 

■Lnen.y , y are in <i^(X) and Pj^(y ) -* L^(y) as n -» «>, for each 

a 6 oL(X). Also, for f = {f^} e 5-'^(X*} = (i2.-^'(X) )*, the equality 

_n _ _ „ 

<y “yjf> = <x^-x,f^> and a(X,X }- convergence of x^ to x imply 

-h _ „ 

that y converges to y weakly in s.^(X), Iherefore from 

_n _ _ 

hypothesis, l^(y -y) 0 as n - 00 and hence p^(x^-x) =P|^(y -y ) -* 0 

as n 00 , for each u 6 that is, X has the S-Radon Riesz 

property. 

Por converse, we assume that X has tne S-Radon Riesz 

Xl XI 

property. Let y ,y G ^'■^(X) be such that y -* y, as n “ 
r, _n _ 

weakly in ^•‘^(X) and P^(y )-* P^(y), as n -> 0 °, for each u e^(X). 
Then in view of Theorem 4.1 and our hypothesis about the space 
X, it suffices to prove rhat p^(yj_) -* PaCXiA as n -• o®, for 
each u G 'i>l(X) and i > 1. 

Let us, therefore, consider a member u of ^(X). Since 
the sequence {y } , being weakly convergent in ii-'^CX), is bounded 
inA!,-P(x)| we can find a constant M^, depending on u, such that 



for all n > 1, This, in particular, implies that 




a 




for all n > 1 and. i 1, If vve write "b = where 

XI ' n — ^ ^ 

hi = then {h } is a sequence in the space LO,M^J‘“’, 

which is the countable product space of the closed intervals 
L each l_0,MyiI] is compact and metrizable, the 

space is also compact and metrizable. Hence there 

exists an element b = {b.} in FOjM ”1® and a subsequence 

_n . _n _n . _ 

{b of {b } such that b ^ b, as j As the convergence 

in the product topology is equivalent to the coordinatewise 


rlN 


n . n . 

0 v>P 0 


convergence, it follows that = b^^^ ■* bj_, 


as n . — 
3 


n . 
D 


for each i > 1. Since '* y±> as n . - oo weakly on X, applying 
lemma 5.1, we get 

n . 

(*) lim (p^^(yj_^)}^ 2 (p^(y^;)^, for each i > 1. 


n . “ 

3 


n 


In order to prove lim (p^(yj_^))^ = (p„(yj_))^> we assume that 

n . oo 
3 

for some i 8 3N, 


n . 


1™ (Pu(yi^^)^ > ^^^u^^i 

IX. oo '^o O 

D 


Choose 6 > 0 such that 
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n 


(**) 

n . 

D 

Since y G 5-^(X), there exists a positive integer N > i such 


lim (pjy > (p (y ))^ + e. 
n. -> CO o ■^0 

tl 


o 


that 


(Pu(yi))^ < e/ 2 . 


Therefor? 


i>N 


1 


.2 (p^(jn))^ > 2 (p (y.))P - e/2. 

1=1 ^ i>l ^ 


As N > i^, it follows from (*) and ('^*) that 

1m n . N 

lim 2 (p (y.3);^ > 2 (p„(y. + e 

n . -*■ oo i=i r u 1 


> 2 (p (y. ))^ + e/2. 

i>l ^ 

Since right hand side is independent of N, we get 

lim z (p^(y”h)® > _z (p.lyj)® + I , 


n. - oo i>i 
J 


i>l 




or 


n. 


lim (P^^(y ^))^ > (Pj^(y))^ + I . 


n . oo 




This contradicts that P^(y } -» P„(y), as n -> oo. Hence 


u' 


n . 


liin (p^Cyp ^))^ = (Pn(yp))^, ¥ i > 1 . 

n.—oo .ux — 

3 

0 onseiuently , h^ = (p^Cy^))-^, for all i > 1, Thus, we observe 


-n. 


that if we consider any subsequence of {b }, it contains 
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another subseq.uerice converging to the same point h. Hence 
it follows that t)j_ as n ->■ oo^ for every i > 1. Inerefore, 

as n -* ooj for every i > 1 and u e%l'(X). Inis 
establishes the result. 



Chapter 4 

DUiLS OP GENERALIZED SEQUENCE SPACES 


1. Il'IRODUCIION 

This chapter is devoted to the study of various duals of a 
YVSS a(X). Starting our discussion with the introduction of 
various terms required to prove the results of this chapter, 
we proceed to relate the generalized a-, p-, Y- duals of 
A(X) in section 3, In sections 4 and 5, we investigate 
conditions to he laid down on a topological WSS A(x) so 
that its topological and sequential duals themselves behave 
as generalized sequence spaces, for in that case one can 
conveniently develop a good deal of duality theory between 
a(X) and its topological dual. In the final section of this 
chapter, we discuss a few aspects of relationship of a(X) 
with its y-dual and study in brief the impact of c^v-topology 
on A(X), introduced earlier in section 2 correspondi]ng to an 
SVSS P. We also introduce the notion of a completely bounded 
set in A(X) and prove a result which yields the M-character 
of a dual system <a(X), a^(Y)>. 

2 TEENIINOLOGY 

We start this section with a notion defined in [q’Q , 

DEPINITION 2.1 ; Eor a V7SS A(X) , where X is a vector space, 
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and J a subsequence of IH'(set of all natural numbers), the 
space 

Aj(X) = {x = {x^}; there is a u = { u^^} in A(x) 

such that x-=u for all n. e J) 

1 rn 1 

is called the J ~step space of a(X). Ihe cannonical pre-image 
of an element Xj in Aj(X) is the $quence Xj which agrees 
with the coordinates of Xj on the indices in J and is zero 
elsewhere. fhe cannonical pre~ image of Aj(X) is the space 
Aj(X) containing cannonical pre-images of all elements of 

Aj(X). 

For an SVSS x and a VYSS a(X), we define 

X . a(X) = { {a.x. }: fa^ G X and {x. } G A(X)}. 

Y/e introduce 

DEFIKIflOE 2.2 : A VYSS A(X) is called (i) sy mmetric if 

X ={X/->|}G A(X) whenever x G A(X) and % Ziy 
% 

(all permutations of Bi ); and (ii) monotone if a(X) contains 
the cannonical pre- images of all its step spaces. 

For a dual pair <X,I> of vector spaces X and Y, the 
generalized Y-dual A^ (Y ) of A(X) is the space defined by 

n 

A^(Y) ={{y^}s y^ G Y, i > 1 and s^ j 2 ^<x^,y^> | < °o, 

for all {x^} e a(X) } . 
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Corresponding to various permutations of the set IT , we have 
another notion of a generalized dual of A(X}, Imown as the 
g eneral ized 6- du al of a(X) and defined as follows 

A^(Y) = {{y. };y.. e i, i > i such that s l<x- ,y^,. s>l< 

for all G A(X); m G(J^ J 

Motz : Ihe following inclusions among generalized a-, p-,Y- 
and 6-duals of a YVSS A(x) are easily verified 

Let be anSYSS equipped with a Hausdorff locally 
convex topology Ty generated by the family Dy of all 
L -continuous semi -norms. Corresponding to the dual pair 

<X,I>, we have 

DEFIirilOlT 2,3 J Ihe generalized y- dual of a YYSS A(X) is 
the space (a(X))^ defined as followss 

(A(x))^ = A^ (Y) = {y e {<x^,y^>} G v , for all 

X in A(x) }, 

For y = )t^,cs andls (cf. [57]? [73)? corresponding y-duals 

are a-? p-? and y-duals respectively. 

DEFIhrilOlT 2.4 : A YYSS A(x) is called y- perfect if 

A(x) = a’^’^xx) = (A^(Y))’'. 
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1 1 

Note. : ii'or y = Jl , the Z -perfect spaces are perfect spaces 
defined in Chapter 2. Clearly every u-dual of a WSS A(X) 
is always ^ -perfect. 

In general, a WSS A(Z) corresponding to a dual pair 
<S,Y> is not necessarily in duality with its v-dual A’^(y). 
Ho^^ever we can topologize the space A(i;j with the help of 
the family Dy and the members of A^(Y}, Indeed, for 
y e ^^(Y) and p e Dy, define 

p (x) = p ( { <x. ,y.>}), for X e a(Z). 

y 

Ihe locally convex topology on A(Z) generated by the family 

{p j y e A^ (Y) , p e Hy ) of semi-norms on A(X), is denoted 

y 

by ay(A(X), A^(Y)) and if there is no confusion likely to 
arise, we will abbreviate this notation as , Similarly 
we can define the ap-topology on A^(Y) with the help of 
semi -norms {p__: p G Dy, x e A(x)}, where p_(y) = p ({<x. ,y - > }) . 

X X 

Clearly, the ay- topology on A,(x) coincides with the normal 
topology n (A(x), A^ (Y) ) when y= 

Xor a locally convex space X and a YYS3 (A(x),'3' ) 
equipped with a locally convex topology i?' , we introduce the 
following 

DEI’IM'IM 2.5 : (i) A WSS (A(X),3^) is said to be a &K- space 
if the map A(x) -> X, Pj_(x) = x^, x G A(X) is continuous 
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for each i ^ 1. A Glv-space is called a (ii) GAD- space if 

'^'(11} is dense in A(X); and (iii) GAK- space if for each 

rx 

X = in a(X) X - X as n -<■ oo, relative to or 

(iv) (a(X)j^) is said to he a GO- spac e (resp, GSG- space ) 
if the map X A(x), E.j_(xj = 6?, x G X, is continuous 

(resp, sequentially continuous) for each i 

Wo^e ; Vifhen X = IK , the foregoing definitions (i) through 
(iii) correspond to an SVSS X which is then called a K-space, 
an AD-space aad an AK~space respectively (cf. and )• 

3. GENERALIZBl a-, p-,Y- and 6-DUAiS OE A(X) 

A useful characterization of a normal and monotone WSS A(x) 

oo 

in terms of SVSS and m^ defined respectively as the 

space of all hounded sequences and the space spanned hy the 
set of all sequences formed hy zero’s and ones, is contained in 

PROPOSITION 3.1 : For a vector space X, a YVSS A(X) is 

(i) normal if and only if «'°°“A(x) d A(x )5 and 

(ii) monotone if :and only if m^«A(X) d ^(^) • 

PROOF ; (i) Let us first assume that A(x) d a(X) and 
{a.Idlt^ such that ja-l <1, i > 1. Then {a.} G d and 
therefore = { a^x^} G a(X) for xG A(X). Now let 

OO . ' 1 ■ 

A(X) he normal, X G A (X) and { a^} G . Then [a^j < M, 
i > 1 implies that j a^, /Mj <1, i > 1 and so {(a^/N[) x^} G A(X). 
Hence {a^x^J G A(X), and therefore d*A(x) d a(X). 
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(ii) Let 
and y = {y^} 

assumed by a^' 
of Hi and 
to distinct 


A(X) be monotone. Consider a = {a^^} in 

in A(X). Let be the scalars 

s repeatedly over the subsets ^ 2 ’ * ‘ n 

ip,.,.,i are the finite indices corresponding 
^ P 

’ s . Lhen 


yy e Ay (X) for i=l,2,3,, ..,n 
i i 


and 


^i. 


a 


n _ p 
y = {a.y.} = i p, y, + E a. 6,- ^ 
^ ^ 1=1 ^ 3=1 ^3 ^3 


Hence a y G A(x) and therefore « A(Xj a(X).' 

Conversely, let '’A(X)C a(X) and J be any subsequence 
of IN , Then for x e A^CX), we can find {y.} G A(X) such 
that X. = y - , for i G J and x- = 0 for i G IN-J . Define 

XX X' 

a = {a^} by 

1 i G J 

“i=| 

'^0 i G M-J 

Ihen a G m^ and x = a y. Hence x G A(X) and this 
completes the proof. 

Mote. • It clearly follows from the above result that a normal 
VVSS is always monotone. 

The main r esult of this section which connects the a -dual 
of a WSS A(X) with its Y and 6-duals, is the f ollowing 
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TKEORlilM 3,2 For a dual pair <X,Y>, we have 

(i) A (Y ) = AP(y) j_f A(x) is monotone. 

(ii) A^(y) = A^ (y ) if A(X) is normal. 

(iii) A^(y) = a^(Y) if A(X) is symmetric, 

PROOF s (i) Since (Y } aP(y)j ft suffices to show 
that Ai^(Y) C A^(Y), Consider {yn} 8 aP(Y). Since 
m ‘’A(x) C. A(X), it follows that 2 <a.x. ,y.> converges 

0 ill 

for every 6 m^ and {x^} G A(x), fhus the series 

2 <x.,y.> is subseries convergent in IK and hence 

i>l ^ ^ 

2 |<x. ,y.>|< °° (cf . jjCI » fiieorem 2, p. 22). Consequently, 

i>l ^ ^ 

{yJ e A’^(y). 

(ii) Again, it is sufficient to prove here that 

A^ (Y j C1.A^(Y), for the other inclusion is always true. Let 

{y.} be a member of A^(Y), For {x- } in A (X), choose {a-} 

.1 ^ ^ 

in IK such that l<Xj_,yj_>l = ea.ch i > 1. 

Ihen ja^j = 1 and so {a^x^}e A(X), Moreover, 

n n 

sup 2 |<x. ,y->l = sup 1 2 <a.x.,y.>|< “ 

n i=l ^ ^ n i=l 

==> 2 l<x.,y.>j < M, V n > 1 

i=l 

. n ' ' ■ ^ , ■ , • ■ 

where M = sup 2 |<x.,y..>| • Since n is arbitrary , we 
n 1=1 ^ ^ 

oo : . ' ' 

conclude 2 [ <x. ,y -> j < 51his is true for any {x^} G A(x) 

i=i ^ ^ ^ ; 

and so {y^^} G A (Y). 
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(iii) Ihe equality will follow if we show that 
A (Y)C A (Y). Consider, therefore, {y^} in A^(Yj, 
lor any permutation % of IN , we have 


^ -1 = -1. > e A(X) 

% TE ( i ) 

for ^ 2 :^} in A(x), as A(X) is symmetric, Therefore 




-1 , y.>\ < °°* 

•ti) 


Hence G a‘^(Y). Thus the proof is completely established. 


4, TOPOLOGICll DUilLS OF A(X) 


This section is devoted to the sequential representation of the 
members of the topological dual of a 7VSS A(X) equipped with 
a Hausdorff locally convex topology , For a VYSS (A(X)^), 
we write 

[:a(X)J^= KX) 

and 

(Xiljg = { «oR.} : f e [Ia(x)D*} , 

where stands for the topological dual of (A(X),y^)# 

Since f oR^ G X’ for each i > 1, we have [[ A (X j 3 gC^ (X’ ) . 

We begin with 

PROPOSITION 4.1 : Let X be a vector space and A(X) be 

equipped with a Hausdorff locally convex topology , Then 

iiAcx):^ = ccux)3o:]s " c • 
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PROOF ; Since L 3 ^ A(X ), we have C^(X)3c 

and therefore it follows that 

[:*u)3,c clau):,:, . 

For the other inclusion, oonelder {foE.} in frACDT 1 

X c s 

where f e |I^(X)J* . Applying Proposition 1,5, Chapter 2, 

c 

we get g e 1Ia(X) 3* such that g(i) = f(i) for all i in 
C ^002o- {goR. } e 3 A(X)3g and (go Rj_)(x) = 

g(6?), X G X. But g(6?) = f(6?), for all x G X. Hence 
goR^= foR^, i > 1, Hence the result follows. 

There is another way of representing 3 A(X) J > for which 

s 

we need introduce a few more notations for our convenience. 

Let us consider the dual pair < $(X), n(X' }>, where X is a 
vector space. Then for A Cl ^(Xj, set 

A^ (^ ) = {y G ^ (X’ ): I <x,y> [< 1, for all x G A} , 

Por any semi-norm p on ^’(X), write 

A =’ { X G $ (Xj: p(x) < 1} , 

Jr 

13 Indeed, a^^^' ^ is nothing but the polar of A in fl(X* ) 
and A is the closed unit ball in $(X) corresponding to 
the semi -norm P 3 • 

We now have the desired result in 
PROPOSITION 4.2 : For a WSS A(X) equipped with a locally 
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convex topology generated by the family of semi-norms, 


p e 3^} 

where 



PROOl z let f e 


for some p G 1^ 
by definition of 


V T 


(A ) 
^ P 


fi(x ' ) 


p e p,) 

and f = {f .} , f . e 
1 ’ 1 

Ap ^ ^ , we have 


. !Ihen 
S’ for 


f e Ap^^^' ^ 

i > 1. Also, 


p(x) = sup {|<x,f>| : f e •. 

Hence 

j<x,f>j < p(x), ¥ X e ^(s). 

Define G ; $(X) - IK by G_(x; = <x,f> . Ihen 
f f 

lG--.(i)| < P(5), ¥ 5 e $(5[), 

f 

and so G Gr®(S)’l . Let G be the unique extension 
f f 

of G^ to ni7. fhen RJ e £ C Hi) J = C a(X) J ^ 

f ^ 

by Proposition 4.1. How for x G 1, 

... # ■ . 

(G_o E. )(x) = G^(df) 
f ^ f - 

= <6j,f> = <x,f ■> 

: f : ^ ■ 


s 
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Hence f e and therefore, p 6 D^> 

is contained 

Hor the other inclusion, consider f e C^(^)3s • 
Then f = ^f o vi/here t G Q ^(^)ZI • There exists 

p G Da such that 


Now for X G 
Therefore 


<x,f>l < p(x), ¥ X G A(X). 


- 

$(X), we have x = 2 6 for some n G . 

i=l ^ 


<i,f> = f( 2 6^^) = 2 (f oRj (x. ) 

i=l ^ i=l ^ ^ 


= <x,f> 


==> l<x,f> j < p(x), ¥ X G ^(X) 

Since p(x) < 1, for all x G A^ we have [<x,f>j < 1 

for all X G A and so f G Consequently, 

P P 

CA{X)3^Uu“(^’t P 6 D^) . 

Hence the result follovvs. 

Next, we have ^ 

PROPOSITION 4.3 : For a VTSS (A(X),3') where X is a vector 
space, r A(X)l* is algebraically isomorphic to the space 

W. . «4 ^ 

PROOF : Define a mapp ing A (X ) ] c C L ^ (X ) H q 3 g W 


75 


nf) = <foR.} , f e ZH^)2l . 

Then ^ is linear ; for, if f^,f 2 e » 

o 

Tp ~ ^ l'^^2 ^ ^ "^i^ ~ 'tf 2® ^ ~ ■^' '^^'^2'^’ 

and if a G IC , f e [’aCDUp > ’f' (af ) = { (af ) o R.} = 

o X 

a {f 0 E^} = a 'f'(f ). 

Row 

ii»(f ) = 0 ==> {f oR. } - 0 

1 ~ 

==> f 0 R^ = 0, f or all i > 1 

==> (f oR^)(x) = 0, for all x G X, i > 1 

==> f(6j} = 0 , for all X G X, i > 1 

==> f(y) = 0 for all y G $(X) 

==> f(z) = 0 for all z G $(X) = C^(X)J^ 

==> f = 0. 

Thus ^ is an injective map . It is clearly onto. Hence 4' 

wiMW memi mmMi MMr 

is an algebraic isomorphism from Ca(X)]]c onto LC^(^)3c3s 
and the result follows. 

This result immediately leads to 

COROLLARY 4.4 : If (a(X),^) is a GAD-space, then Ca(X)J* 
is algebraically isomorphic to LA(X)Jg. 

PROOR j Since (A(X),^') is a GAD-space, it follows from 
definition that X A(X)3 = A(X). Row, by the above result 

, O ' ' 

C “ C is algebraically Isomorphic to the space 

cnAU):,,:^ = ca(x)3, . 
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Motz ; We observe that for a GAD-space A(X), each member f 
of its topologica.1 dual can be identified with a sequence 
{f oR^} in lZ^(X)3g vice-versa. In other words, we 

can treat the two spaces as the same under this identification. 
Ihis identification will turn out to be very useful in proving 
the results of this section. 


PROPOSIIIOh 4.5 : If A(x) is a GlK-space, then H A (X) ]] C (X’ ) . 

PROOP i Let us consider a member f of [Ia(X) 3** space 

A(X), being a GAK-space, is also a GAD-space and so from 

Corollary 4,4 it follows that f = {f oR.}. Consider x e aCX), 

- -T. 

Prom the hypothesis, x x, as n -» 0 ° in vy’ and therefore 

(n) 

f (x ) f(x), as n -* oo. But 


(n; n 

f(x ) = 2 <x. ,f oR. > . 

i=l ^ ^ 

Hence 


f (x j = 2 <x. ,f 0 R. > . 

i>l 

Since x e a(X) is arbitrary, (f oR^> e aP(x«), and this 
completes the proof, 

COROLLARI 4.6 : If X is a locally convex space and (A(X),5') 
is a GAK and GG-space, then £ is contained in A^(x*). 

PROOF j As the space A(X) is a GC-space, each R^ is 
continuous and so f G [[ a(XJ 2 implies that f o R^ G X* 
for each i >1. The result now follows from Proposition 4,5. 

Restricting (a (X), > 5* ) further, we get 
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PfiOPOSII'IOi'J 4,7 : If (a(.I), 9^) is a barrelled, GAK- and 
GO-space, then 

PfiCXji j In view of the Corollary 4,7, we need only show that 

aP(X*) (___ [1'a(X)^ . Let f = {f J £ Ihen for 

X G A(ji.), 2 <x. ,f ■> converges, Lefine a linear functional 

1>1 

Pj A(X) - LC , by 


P(5) 

For n ^ 1, write 


2 <x.,f > . 

i> 1 ^ ^ 


n 


P^(x) = 2 <x, ,f,> 


i=l 


Then the sequence f or if ' { i } is a net in A(x), 


that converges to 0 in , x^ = P^(x ) - 0, for all i > 1, 

as A(X) is a GK-space; and therefore f.(x^) -* 0, for each 

i > 1, which in turn, implies 2 <x^,f.> - 0, for all n > 1, 

i = l 11 •" 

6 ^ ^ 

Thus ) -* 0, for all n > 1, Clearly P^(x) -* P(x), as 


n' 


n - oo, for all x G a(X) and is pointwise bounded. 

Therefore by Proposition 2,11 of Ch^ter 2, P G 
Consequently, P = {PoR^^} , Row for x G X, and i > 1 

(PoR. )(x) = P(6£} = <x,fj_> 


==> P 0 R, 


= f^ , for all i > 1. 


Thus, f = {f^} s{PoR^} G []^CX)3* hence the result 

follows. 
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COiiOLLim 4t,8 : Let (A(Xj,t^) be a barrelled GAK- and 
GO -space. Then 

(i) [a( 1)3 = A (X*) if a(X) is monotone 

(ii) Ij = A^ (X*) if A(x) is normal 

PROOF : (i) yi^hen A(X) is monotone, A^(X*) = A^ (X*) by 
Theorem 3.2 and so (i) holds by the above proposition, 

(ii) Since every normal space is also monotone, once 
^gain appl;ying Tneorem 3.2 and the above proposition, the 
result follows, 

5. SEQUENTIAL DUALS OF A(X) 

In this section we deal with the duality of a YVSS a(X} 
corresponding to a dual pair <X,X’''>, where X"^ is the 
sequential dual of a locally convex space X. Indeed, if 
$(X)(^A(X) and 

A^(X’*’) = {{f.}: f. e X"^, i > 1 I <x. ,f.> converges 

^ ^ i^l 1 r 

f or all X G A (X) } , 

I 

the pair <A(X}, aP(x^)> forms a dual system. Fora 

topological YYSS (aCX),^), we denote its sequential dual by 
[/(X)]]"**, Analogous to the space [l(X)3g of the previous 
section, let us introduce the subspace [A(l)Ilg(-f) of n^X"^) 
given by 
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&(X)a3(+) = OH.): f e lAa)3+} . 

‘fhen, concerning the dual Z , we have 

PROPOSITION 5. 1 ; If (A(x),3^) ig a GAZ-space, [1 a(X);] + 
is algebraically isomorphic to the space . £ q(^+) 

PROOF : Define a mapping i> ; [A(Xj3’^ ^ 

Kf) = {f OR.} , f e [:a(s)3+ 

Clearly ip is a linear surjective map. Also 

^(f) = 0 ==> foR. =0, for all i>l 

==> (foR^)(x) = 0, for all X e Z, i > 1 

==> f(6?) = 0, for all x G Z, i >_ 1. 

Since A(z) is a GAK-space and f G [Ia(Z) 3'*'» we have for 

„ -r (n) 

X G A(z), X -* X in and so f(x ) -* f(x) as n -* <», 

(n) n X . 

As f(x ) = S f(6.^) = Of for all n > 1, it follows that 
i=l ^ 

f(x) = 0. Hence f h 0. Thus the two spaces (lA(zj3'^ 
[]a(Z)]] are algebraically isomorphic, 

hlotz i The correspondence between [a(^)I]s(+) 
established in Proposition 5,1 will throughout be assumed in 
the rest of this section without further reference, 

PROPOSITIOH 5.2 j For a GAK- ahd GSC-space ( A(X) ,^ ) 

aP(z^). 
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PROOF 


: For f e [Ia(I)3’*’, we have f h {f oR. }, by Propositi 


on 


5.1. As ^ tile space A(X) is a GSC-space, {f o R. } e 


Also, X X as n -» ooj 

for all 

X 

(n) 



f(x ) - f(x), as n -> oo. 

Since 

f (x 

it follows that 




(n) 


n 


2 <x. ,foR. >, 

i=l ^ ^ 


f (i) = Z <x. , f 0 R.> , 
i>l ^ 1 

Hence f = {foR^} G Ai^(X'*’). This completes the proof. 

For showing the equality of [a(X) 3'^ aind aP(X'^), 
we need prove the following two results. 

lEMl/JA 5.3 : Let (X,T) be an l.c. TVS and f be the 

CT(X'*’,X)-limit of a sequence {f^} in x"*". Then f e X' . 

PROOF ; Given x,y G X and G > 0, there exists n^ G IK 

such that for n > n 

— 0 

|f^(x) - f(x)| < g/ 35 If^(y) - f(y)| < e/3 ? 
and lf^(x+y) - f(x+y)j < G/3 . 

Then the above inequalities imply that 
lf(x+y) - f(x) - f(y)i < e 

which clearly proves the additive nature of f . 

Similarly, we can prove the homogeneous character of f . 


Thus f e X' . 
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lEMM 5.4 : Let (1,1) be aJi l.c. LVS such that every cr(x^,X)-. 
bounded sequence In is i- limited. If f is the a(X"*’,X)- 

limit of a sequence {f^} in x"^, then f e X"^ . 

PHOOE : In view of Lemma 5,3, we need show the sequential 

continuity of f. So, let {x^} be a null sequence in X. 

Since the sequence {f^} being a(x'^,X)-bounded, is T-limited, 

to each G > 0 we can find n e IN such that for n > n 

0 — o 

{*) l^i^^n^l ^ ^ i > 1* 

Also for each n G IN , there exists a positive integer 
depending on n, such that 

(**) (X^) f(x^)l < e/2 . 

o 

fixing n _> the inequality 

|f(Xu)l < b(Xn) - + l*k 

o 0 

along with (*) and {**) implies that 

lf(x3^)l < e, ¥ n>n^. 

fhus f(x^) - 0, , as n -* 0 °, and consequently ,f G X^ . 

We now come to the desired 

PROPOSI'flOl 5.5 : Let (a(X),^) be a GAE-and GC-space such 

that every >( [I a(X)I1'^j A(X))-bounded sequence in XaC^) 3*^ 

is/?' -limited. Then 

[;A( 2 )n+= A^xh. 
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PROO-l* : For g 6 A^(X ), define linear ma.ps P and 

p^’s from A(X) to HC by 

(*) ^'(i) = 2 <x.,g.> 

i>l ^ ^ 

and 

1=1 

Proceeding on similar lines as in the proof of Proposition 4.7, 
we establish that P^ e ^ A(X}3’^, for n > 1. Prom P^(x) - 
P(5) as n -* oo and the Lemma 5,4, P e Ca(X)^''', Thus, we 
can write P = {P o R^} by Proposition 5.1, Low from (*) it 
is easy to verify that 

Po = g^, 5? i > 1. 

Hence g ={PoRjj^} = PG ^(^)IIs(+) • result is now 

immediate from Proposition 5,2, 

Concerning the relationship amongst various duals of a 
VYSS A(X), one has the following 

PROPOSITIOI 5,6 ; Let (I,T) be a locally convex Mazur space 
and a(X) be normal. Assume that A(X), ec[uipped with a 

locally convex topology*^ , compatible with the dual pair 
< A(X), a'^XX*) >, is a GSC-space. Then ■ 

■ X *:■ ^ 

Hence, is also compatible with the dual pair <A(X), A (X)>, 
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PROOF : As is compatible with the dual pair <A(x), 
we have 

(^) CA(2)n*= A"(X^) 

and 

i**) t(A(x), A^(x*);, 

(**) being 'crue by Proposition 2.2, Chapter 2. Since the 
inclusion [a(X)]3 Cl CaCX)!!'^ always holds, in view of (*) 
we need show that [A(X)3^(f a’'(X*). Ro’w for 5c = {x.} e a(X}, 

- . X 

X X , as n -*■ oo in t(A(x), a (X*)) by Proposition 3.4, 

Chapter 2, and therefore, it follows from (**} that (A(x),^‘ ) 
is a GAX-space. An application of Proposition 5. “X yields 

ovcon+c 

Since X is a Masar space and a(X) is monotone, A^(X^) = 

A^(X*) and hence the result holds. Also, by Proposition 2.21, 
Chapter 2, 

(A(X), 5+1 = (A(x),5+)* = (A(X),3l. 

X 

fhus is compatible with the dual pair <A(x), A (x*)> . 

COROLLARY 5.7 ; If (X,f) is a bornological space and 
(A(X),3^) is a normal GSC-space such that 5^ is compatible 
with the dual pair <A(X), A^(X*)>, then 
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PfiOOI? : Prom Proposition 2.21, Chapter 2, 

(X,T‘^)+ = { 1 / 2 ^)* = (x,i)+ and T = 

therefore X = X and toe result is now imniedicite by the 
preceding proposition. 

OOROLL^UiY 5.8 : Let (Z,l} be a locally convex Mazur space 

and A(X) be normal. Inen 

1:<.(A(X), < T(A(X), a’<(X*)). 

PROOF : vi/e need show here the compatibility of [2<^(A(X), 
with Che dual pair < A(X) , A^(X*)> . lo acnieve this, it is 
sufficient to prove that (A(x),a(A (x),a’^(X*) ) ) Is a GSC-space 
in view of Proposition 5.6, let us consider the maps 
R, : X - A(x), R, (x) = 6?, X e X and i > 1. For f = {f . } in 
A^(X*) , we nsve 

P_(%(x)j = 1<6?, f>l = l<x,f^>j = qf.(x). 

Hence the maps Rj^'s aire cj(X,Z*) - a(A(Z),A (X*)) continuous 
aiid so T - ct(A(X),A^(X*) j continuous. Ihus (A (X),cr(A(X), a’^CX*) ) ) 
is a GSC-space. 

COROLLARY 5.9 : Let (X,'I) be a MacXey Mazur space and A (X) be 
normal. Then 

[;t(A(X),A?'(X*))1'^^ * t(A(X),A^{X*)). 
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PROOF ; As (lijTj is a Mackey Mazur space, i = t(X,X*) sjid = X*. 
Once again, it suffices to shov; that (A(X),t(A(X),A^(X*))) is a 
GSC-space. Invoking the proof of Corollary 5,8, the maps R^’s 
are ct(X,X*) - cr (A(X ),A^ (X*) J continuous and so they are 
t(X,X*) - t(A(x},A (x )) continuous by Proposition 2,19, Chapter 2. 
(Thus (A(X), t (a(X) , A^(X*) j ) is a GC-space, suid in particular, it 
is a GSO-space, Hence the result follows by Proposition 5*6 and 
Proposition 2.2, Chapter 2. 

PROPOSI'flOh 5.10 : Let (X,l) be a weakly complete, Mackey and 
Mazur space and (A(x),^?') a perfect GSO-, bornological space 
such that the convergent sequences in A(X} relative to o/’ and 
0 (A (X), A^(X*) ) fire the same, Tnen 

t(A(X),A^(X*)) = P(A(X),A^(X*))* 

PROOF : As convergent sequences in o(A(X),A^(X*) ) and 3" ar® 
tne same and (a(X}, 3) is bornological, we have 

3=3.+ = [:a(A(Xj,A"(X*))3"' > a(A(X),A 3 x*)) 

Also, by Corollary 5.8, 

3 = [ 20 (A(X),A’'(X*))"I’^< 

Ihus is compatible with the dual pair <A(X),A (X ■)>» ai^d 

therefore (A (X)/"(X*) ) by the bornological character of 

(a(X), 3). low (A(X), h(A(X),A’‘(Z*))} is complete by Tne or em 2 . 5 , 
Chtipter 3 and n(A(X),A3x'*')) is compatible with the dual pair 


86 


<A(X), (cf. Proposition 3.3, Chapter 2). Hence by 

Proposition 2.4, Chapter 2, (A(X),^) is complete and therefore 
bfiXrelled (cf. Proposition 2.12, Chapter 2). Coriseq.u.ently , 

<3^ = t(A(X},A^(X*)) = P(A(X},A^(X*)). 

6. 0y-l'OPOlOG-Y 

As mentioned in the beginning of this chapter, this section 
deals with .che study of the y-dualA^(Y) of a YVSS A(X) and the 
0y-topology on A(X}, corresponding to a dual pair <X,Y> of 
vector spaces X ajid Y and a topological SVSS 

Ihe space no doubt, carries a good deal of 

impact on (A(X),ay), aJ-id to begin with, we find a glimpse of 
this aspect contained in . 

PROPOSITION 6.1 ; Let X be equipped with the topology o(x,Y) 
and (y,T^) be a K-space, Then (A(X),cfy} is a GK^space. Further,, 
if (vijTy) is an AK-space, then (A(X),ay) is a GAK-space. 

PROOF ; To show that (A(Xj,ay) is a GK-space, consider a net 
ix j a e A} in a(XJ such that x -* 0 relative to the ay- ’ 
topology. Thus for G > 0, p S Ly and y G A^(Y.) we can find ^ 

Uq G A, tto 5 a^(G,p,y) such that 

p ({<x^>yi>} ) = P-(^ } < G> a 2. ^0* 

■ i y 
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In particulax, caoose y = 6^ for y e Y and i e IK. Inen for 

p (5“} = P({0,0,0,,..,<s“ y>, 0 , 0 ,... }} 

. + 

1-th place 

= P(<xj,y> e^) < e, 

where is the unit vector. Since is a K-space it 

follows that <x^>y> -♦ 0, for each i >_ 1 and hence the maps 
: (A(X),ay) -> (X,a(X,I)), i > 1 are continuous. '1‘hus 
(A(X),ay) is a K-space. 

For proving the GAK-ness of (A(x;,ay;, consider an 
arbitr...ry x in A(X). inen for p 6 hy and y e A^(I), 

- x) = p({<x^,y^>}^^'^ " 

-(ii) _ 

= P(§ - P )r 

-(n) _ 

where p = {<x^ jyi>} 6 y . As (y,l ) is an AK-space, p(p -§ ) -* 0 
as n -► oo, and the result follows. 

Concerning the y-perfectness of A(X), we have 

PHOPOSrilOh 6.2 s Let X be equipped with the topology a(X,Y) 
and be an AK-spcice. If (A(X}, 0 y) is sequentially complete, 

then A(x) is y-perfect, that is, A(x) = C • 

PROOF : lo prove the result, we need show C A(2) U A(x) . 

Let X e [■ a(X) 3’'’' . 3)hen { 5 ^^^ : n > 1 } C ^CX). Oonsider 



88 


y 6 ) aiid p G Dy Write = <x^,y^>, i > i. 

p = {pj_} e u and ior m < n, v?e have 


(m) 

p__(x - X ) = p({0,0, 

y 


■ ’ W+l’^n+l^’ 


i 


_(n) (m) 

= P(P - p ). 

Since v is an AK-spacj, the last term tends to 0 as m,n «>, 
Hence (x } is a ay-Ca,uchy sequence in •A(X). therefore for 
a uniquely determined element i in A(X), 


X z, as n -» oo in ay , 


Ihus x^ ^ - z^- as n - <» for i > 1 in X' relative to ct(x,Y) 
topology (cf. Proposition 6.1), Since (x = x^, for all 

n 2 i> we have x^ = for all i > 1, and so x = z. Consequently, 
X 6 A(X) and we conclude that CAa):"" C_ A(X). liierefore, 

A(X) is y-perfect. 

Restricting X and (vi,T^) furtaer, the converse of tne 
above proposition is obtained in the following 

PEOPOSIIIOH 6.3 j let (X,cr(X,Y)) and be (sequentially ) 

complete such that (Ti,!^) is also a K-space, If A(X) is y- 
perfect, then A(x) is ay - (sequentially )complete< 

PROOP : We prove the result for completeness and similarly 
follows the other part for sequential completeness, let us 
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therefore, consider a ay -Cauchy net : a e A} in k(X), 

Ihien from Proposition 6 , 1 , {xf} is a a(X,Y j-Gauchy net in 

X, for each i >. !• Since (X, 0 ( 1 , Y)) is complete, there exists 

X G ^(X) such tnat x® -*• x^ in cr(x,Y), for each i > 1 . In 

cc — 

order to show the convergence of x to x in (A( l}, 0 v), let us 
talce a point y e Then {<x^,y.>} belongs to u for 

X X 

each a G A . Also the equality 


y 


,-a 




{T - X ) = p({<x“,yj_>} - {<x?,y^>}) 


§ 


implies that {<x^,y^>} is a Cauchy net in v with respect to 
T^, Hence chere exists a {pj,} G y such that, 

{<x“,yi>} “ in . 

Therefore, 

<x?,y.> - , for each i > 1 , 

since (w,T^) is a K-space. But 

x“ - X. in a(X,Y } for each i > 1 

i X 

==:> -y ***■ ^^A ^y^y all i 2 . 

XX 4- 

Thus B 4 = <X 4 ,y 4 >, for i > 1 * Hence ■f<x^,yj_>} G y , As _ 

^ 1 r ^ «. liHi 

y G A^(Y) is arbitrary, it follows that x G Ca(X)J =^KX). 

But ooOTergenoe of {<x?,yj,>> Implies that 

x“ - X in the space (A(S),ap). Therefore (a(X),<tii) is complete. 
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bince oue y-dual of a VVSS a(X) is al¥/ajs y-perfect, 
the above rewiilt immediately leads to' 

COiiOLjjAiil 6.4 : let be a K-space. If (Y,a(Yj2)) and 

(y/f^) ;az-e (sequentially) complete, then the y-dual A^(Y) of 
a VVSS A(X), equipped with the topology ay(A^(I), A(X)) is also 
( sequent ially ) corap le te . 

PHOOl' ; As mentioned above, A^ (i j is y-perfect. Now by inter- 
cnfinginj^ tne roles of A(X) and A^(Y) in the above proposition, 
we get the desired result. 

ComptttdZy bounded 

We observe that a set a in A(X) is a y (A (X) , A^(Y)) bounded if 
and only if the set iy = ll^<x^,y^>> : i 6 A'2 forms a bounded 
subset in u for each y 0 (I), Replacing the singletons {y> 

by a cry (A^(Y), A(x))-bounded subset of A^(Y), we introduce the 
following 

DEPINITIOR 6.5 : A subset A of A(X) is said to be completely 

bounded in a(X) if AB = * ^^i^ ® 

is a bounded subset of y for each cry (A^(Y), A(X))-bounded 

subset B of A^(Y). 

hlotz i Obviously every completely bounded subset of A(X) is 

bounded for the ay-topology on A(X). for a restricted (y,!^), 
the other implication also holds. Indeed, we have 
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TiiEOiiBIvi 6,6 : Let <X,Y> be a dual pair such that (Y, cr(Y,X)j 
is sequentially complete aiid is a sequentially complete 

L-space, itien every ay(A(X), (Y ) )-bounded subset of A(X) 
is completely bounded. 


PfiOOE : Let us assume that there is a oii(A(X), A^(Y))-bounded 

subset A of A(X) such tnat A is not completely bounded. Hence 

we can find a oy(A^(Y), A(X) )-bounded set B in A^^CY) such that 
AB is not bounded in y , Therefore, there exists a continuous 

semi-norm p G Dy such that p(AB) is not bounded in IK. Thus, 

-1 -1 -o -U., 

for givexi g > 0, we can find x G A and y G B with 

p({<xj,y];>}) > 1 + e. 


Since A aXid B are ay-bounded in A(X) and A^(Y) respectively, we 
can find constants and satisfying 


sup = sup p({<Xj_,y^>} ) < K^ ; 

xGA ^ xGA 


and 


sup p ^(y) = sup p({<xj,yj_>}) < 
yGB X yGB 


Choose m^ GIK such that 2 < 6.1^ 

character of p(AB), for the constant 2 

2 '■ 2 ' 

find X G A and y G B such that 


Then from the unbounded 
+ 2 + G ), we can 



+ 2 + g). 
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iroiii biw op-bouiidedness of A axid B, we caii find constants K 

2 

aiid Mq such 

sup p_ 3 (x} = sup p({<x^,y^>}) < iigj 
xGii y xGA 

and 

sup p gCy) = sup p({<x?,y^>}) < Mg. 

yeB 5 y0]3 

-nip+l . 

OLioose nig > so that 2 < G ‘-^’uen for the constant 

iiig ~nn _3 __3 

2 (K^ +2 Kg+S + G), we can find 5 G A and y G B such 

t n,at 

'Z rr Dip -m, 

p({<xr,yj>}) > 2 '^(K^ +2 Kg + 3 + G). 

Once again the cjy-boundedness of A and B will enable us to 
find constimts Kg and Mg such that 

sup p g(x) = sup p({<x^jy^>}) < Kgj 
XGA y xga 

and 

3 

sup p gCy) = sup p((<Xj_,y^>}} < Mg. 
yGB X yeB 

-iiw+l ^ 

Ghoose > mg so that 2 . < G . Proceeding in this 

fashion, we get sequences {x } in A and {y d in B, and 

{M^} of positive constants and a subseQ.uence of integers 

with % = 0 such that for n = 1,2,3,... 


I 
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m 


. n n. ^ „"rul i 

P«<Xj^,yj^> }) > 2 1 ( £ 2 +n+e),K = 0 ; 

i=0 ^ ° 


sup p ^(x) = sap p({<x.,y^>}) < ir ; 
iGii. y xGA 


sup p^^(y; = sup p({<x. ,y.>}) < 
yes ^ yes 


and 


'“%+! -1 
2 < e \ 


1 _3 J-A -m . . -1 

Since (2 } 0 a and {y } G B, tne sequence { £ 2 y } 

3=1 

forms a ay ( a'^(Y ), A(X) j-Oauchy sequence in A^(l) (cf. Lemma 1 . 3 ,i 
Chapter 2 ). Hence by Corollary 6 , 4 , there exists a z G a’^ (Y) 


n -m . 


with 


z = Z 2 

3>1 


-^ 1-1 =:3 


where the limit is taken in the ay(A'^(Y), A(X))-topology . 


Bor n G B', consider 


n 


P_(x ) = p ({<X^jZi>}) 


1 ' i 

“n -1 yr. n __n. 


> 2 p(^<x^\yi>>) - p(t<x^,yj>>} 


-m. ^ o . 


2 1 p({<x”,yi>}) - ... - 2 P({<x“,y^^>)) 


‘ 1 '*' i 

- 2 \il + 2 
n -1 m. 




"^n .. y. , ^ g-n 


+ * • • } 


-m. 


-tt. 


iu -2 


> ( £ 2 K.+lH-e) - ^ ^2 2 Vi-® 

” i -0 I 


n 
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_n 

As {a } is d. subset of A, trie above inec[uality contro^dicts the 
o y-boundedness of A. Hence the result follovvs. 

Con esponding to a dual system <XjY> of vector spaces, 
it is not always Urue that the cr(x,Y} and p (X,Y J-bouuded sets 
are the same; however the situation becomes pleasant wnen these 
two types of boundedness coincide (for instance, see [1^ ). 
Accordingly we have from [5*^ 

CBIIImIi'IOIV 6.7 : A dual system <X,Y> is said to be an M-sy ste m 
if eacn a (X,Y)-bounded set is p (X,Y)-bounded in X, or 
equivalently, each o (Y,X)-bounded set of Y is p (Y ,Z)-bounded, 

If a VVSS A(Xj is normal, the a(A^(Y}, A(x)}-bounded 
and n(A^(Y), A(x) )--bounded sets in A^(Y) are the same by 
Proposition 3.5, Chapter 2, however, for the dual pair 
<A(x), A''(Y)>, w-e nave 

PROPOSI'IIOh 6.8 : Let <X,Y> be a dual pair such that (Y, 0 (Y,X)) 
is sequentially complete. If a(X) is normal, then every 
ii(A(X), a’' (Y})- bounded set is p(A(X), A’'(Y))-bounded; in 
particular <A(X), a’'(Y)> is an 1- system, 

PROOP : Restricting y = in Lefinition 6.5, we observe that 
the completely bounded sets in a VYSS A(X) are nothing but the 
p (A(X), A''(Y))-bounded. Thus for y = it follows from 
Theorem 6.6 that every r)(A(X), A’‘(Y))-bounded subset of A(x) 
is p (A(X), A^ (Y ) )-bounded , Hence <A(X}, A (Y)> is also an M- 
system. This completes the proof. 



Chapter 5 


OOl/CPACl SETS IE A(X) 


1 IE 'lAOElJO Huiii 

In this chapter, following [j^ and [93j we characterize 
compact sets and normal hulls of bounded and relatively 
compact sets in a VVSS. Indeed, the results proved here are 
interesting generalizations of scalar valued analogues. 

2. CHilUCIBiilZAflOE OE OOMPICI SETS 

Recalling the terminology of the foregoing chapter, we start 
with 

PROPOSI'flOh 2.1 ; Let (X,T) be a Hausdorff l.c. TYS and 
(a(X), 3^}, equipped with a locally convex topology , be a 
GK-space. fhen a subset A of a(X) is relatively compact 
if and only if 

(ij P.(A) is relatively compact in X, for each i>,l 5 and 

^ , , a a 

(ii) if {X : a e a} is a net in A such that x^ - x^, 

for each • i>l in X, relative to the topology f, 
a <-f - 

then X - X, in (A(X),3 jj where x = {x^} . 

PROOP j Let us first assume that A is a relatively compact 
subset of a(X). Ihen from the GK-character of a(X) and the 
equality Pj_(A) - P^(A) for i>l> relative oompactness 

of eacn set Pjj_(Aj in X follows immediately, thus (i) holds. 
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I'or the proof of pert (11), let (((“j „ e a} be a net 
In A GUCil tliat ^ in (X,T) for 1 > 1, since X 

is relctivel^ compact, there is an adherent point, say 

y = { y i } j od the net {x j a G a} in a(X). Then the continuity 

of P^'s find use of Proposition 1.10, Chapter 2, jield that 

y. - X-, for all i>l. Thus x is the only adherent point 
a 

of the net {x : a 6 a}» Hence from Proposition 1,11, Chapter 2, 

_a 

X X in a(X) and (ii) is proved. 

Conversely, let (i) and (ii) hold and P = {P :a 6 a} 

oc 

he an ultrafilter in A. Prom (i) and Proposition 1,9, 

Chapter 2, the ultrafilter {Pr(P^}: a G a} converges to some 
point x^ in X, for each i 2 If {x : a G a} is the net 

corresponding to the ultrafilter {P^j a G A} , then 
{p.(x ) = a G A} is the net corresponding to the ultrafilter 

{P-(P ): a e A} in X, for each i > 1 and so from Proposition 

1 011 

1.9, Chapter 2, the net {x“j a G a} converges to x^ C X, 

oc 

for all i>,i» using (ii) x * x in a(X) and therefore 

the ultrafilter {P„{ a G A} converges-to x in a(X) by 

(X 

proposition 1.9, Chapter 2. Hence A is relatively compact and 
thus the proof is complete. 

We now prove our main result in 

THEOREM 2,2 ; Let (X,T} be a metrizable locally convex space 
and (a(X),{J>) a GK-space such that #(X)c1 aU). Then for 





a subset; I’l of the folloiving are eq_uivaleiit; 

(i) M is compact, 

(ii) Ii is countably compact. 

(iii) U is sequentially compact. 

(iv) ?^(M) is sequentially compact in X, for i>l and 

n — 

for a sequence {x } in M such that - x? in 

_n ^ o ^ 

sequence {x } converges to x = tx?^ 

_o 

as n -* oo and x 6 1. 


PROOF : (i) ==> (ii) is clear from the Definition 1,8, Chapter 2. 

( ii } ==> (iii). In order to show this implication, we 

first prove that each Pj^(M) is sequentially compact. Let us 

fix a positive integer i and consider a sequence {y^ } in 

° __n .0 

P. (M), i'lien there exists a sequence {y } in M such that 

° n „ 

F- (y ) = y • > for all n>l. Prom the countable compactness 
^0 ^o ”■ 

of M, there exists an adherent point y 6 M of the sequence 
n n(a) 

{y } and a* subnet {y : a 6 A} of the sequence {y } such 
^(a ) _ 

that {y ja 6 A} converges to y. As P- is continuous, 

o 

the subnet a 6 A> in P. (M) converges to a point 

^0 0 

y. of P. (M). Hence y. is an adherent point of the 
^0 ^0 ^0 

sequence { y^ } in P . (M) and therefore P - (1) is countably 
^0 ^0 ° 

compact. How the metrizability of X and the arbitrary fixation 

of i imply that P.(M) is sequentially compact for i>l. 
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yoiiGider now a sequence { i } in 1.. 'Ihen the sequential 

coiii.iuc tiiess ot e3.ch implies that the sequence in 

p^(M} ii..B a convergent subsequence for all i>l. Utilizing the 

diagonal process, vve can extract a subsequence from the sequence 
n n 

{i } , whicn we once again denote by {i } , such that 


(*} X?, as n ->■ oo, in 'I 

for some x? G and i>l. Also, there is an adherent 

”” n 

point i = of the subsequence {x } . By Proposition 1,10, 

Chapter 2, we get that the point z^ is an adherent point of 

the sequence {x^^}in p.(M), for each i>l. In view of (*), 

we have a. = x?, for i>l< Thus x ='{x. }, is the only 
11 "■ n ■ 

adherent of the subsequence {x } and so on applying Proposition 

n 0 

1,11 of Chapter 2, we infer the convergence of {x } to x in M, 
Hence M is sequentially compact. 


(iii) ==> (iv) . As sequentially compact sets are countably 
compact, invoking the proof of the implication (ii) ==>,(iii}, 

the first part of (iv) follows, Por the second part, consider 

n ■ . 

a sequence x = {x^} » ^ such that for i>.i> 

x^> as n °° in P^(M). 

n _9 o 

Suppose that the sequence {x } does not converge - {x } 

in M, Then there exists a nelgbbourhood u of x and a 
IL ' Ii — ^ 

subsequence {x^} of the sequence {5E } such that x is not 

in u, for all k>l. Now the sequential compactness of M 
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ooiisi'ier the sequence (u } in a(X) such that 

n ■ 

u = {u5^,U2,...,u^,0,0,.. .} 

II II II 

where »^ 2 j • • • adherent point of the net 

^ I Obviously the sequence {uiP} is contained in P.(M) 

for i>l. % utilizing the sequential compactness of 

and the diagonal process, we can extract a subsequence of the 

n 

sequence {5 } ?/hich we once again designate by {u }, such that 

0 . 

Ui -* Ui as n ->■ oo in X 

for some u? S P^(M) and each i > 1, Also, corresponding 
_n ^ ' _a(n) 

to u in a(X) and an arbitrary e > 0, there is an x 

in P for which 

(x) P (u^, < e, i=l,2,3,,..,n. 

Prom (***) and (x) one can easily establish the pointwise 
convergence of x to u and hence by our hypotnesis 
(i) follows, 

3. OOMPAO'JSESS OP NOBflAI HUILS 

Ihis section includes results which are related to the relative 
compactness of normal hulls of bounded and relatively compact 
subsets of a YYSS, fhroughout this section we consider a dual- 
system <A(2), (Y)> of WSS corresponding to a dual pair 

X and Y* We equip a(X) with a 


<X,Y> of vector spaces 
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solid topolo.!:y ^ as defined in section 3 of Chapter 2. 

Wo be,:;in with the following basic result, 

•pROPOSl'fiOh 3.1 : Let X be e(iuipped with the weah topology 
0 ( 1 , 1 ) « dhen (ACXjjS"') is a &K-space. 


PROOF ; Let us consider a y in Y and x in A(X) 

‘High “fchG iB6C|_u.ality 


ay(pp5)i= l<xi.y >1 < 

holds for S gG , that oontains 6^, where i G » • Hence 

P's are continuous and the result follows, 
i 

Next, we have 


PROPOSli'lOl 3.2 : Let (a(X), 3^) Le 
be equipped v/ith the topology o(X,I) 
k of a bounded subset K of a(X) 
then 


a normal WSS and X 
If the normal hull 
is relatively compact, 


(i) 

(ii) 


(ft) is rolativell. oompaot in X, for eaoh n>l; and 

e >0 end SeG , there exists a positive 

such that 


nteger 


£ |<x„,ypl<e. 

n>ip+i 


nr every 


5 = {X } G K and y ='{yn> 


PROOF J In view of Proposition 3. , ^ 

therefore (i) is irmediate. . .. 


ar e c ant inuo us 


and 
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for proviiig (ii) let us assume the contrary. Ihen there 


exist an G > 0 

are sequoncos {i } 

■and S gG? such that for 
_i 

in A and {y }in S with 

(*) I lx^.yj>| 

n>_i+l 

> G. 

Choose scalars 

with jxj^ 

1 < 1, i,n > 


l<4,y>| 

for n>i and 

ii _v 

/ 

^n “ ^ 

0 

otherwise 


,1 .,rv 


Then from (*), we get 




n>l 


'X-y? > e 


for each i > 1 the sequence { xj contained in K, 

converges coordinatev\/ise to zero in X and hence by Proposition 2.1, 
this sequence must also converge to zero in a(X). Therefore 
for the above e > 0 and S eG> , "tbere exists i^ G IK 
such that for i > i-o? 

I ^ <4=^^ vi ' ®’ 

n>l 

for all y G S. This clearly Gontradicts (**). Hence (ii) 
is true and the proof is complete. 

Umcuk t It Is clear from the above proof that Proposition 3.2 
will remain valid if we replace the topology 3- by e(A(X), v(Y)), 




■ '.i r, ,r '' ' 


■: 4.vl 

■'1 iurtj 
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where »(Y}Ca’‘(Y) such that <A(X), „(Y)> forms a dual 
pa,ir anu th.; collection (5 by the collection of singleton 
sets in u(Y), 

As a partial converse of the above result, we have 


PROPOolilOl'l 3»3 ; Let X be endowed with the topology cr(X,Yj 
and A(X) be a perfect 7VSS which is equipped with n(A(X), 
A^(I)), Ihen the normal hull K of a bounded subset X of 
a(X) is relatively compact provided the following conditions 
are true: 


(i) is relatively compact in X, for each i>l, 

(ii) Por y = {y^^J G a’‘(I) and e > 0, there exists 
a positive integer i^ such that 


S 

n>i +1 
— 0 


|<x„,ypl < e, 


for all X = G K. 

CC Ai 

PHOOP : Let (i : a G A} be a net in K such that x“ ^ x^ 
in X reiative to a(x,Y), for all n > 1. Choose 
y = {yj^> G a''(Y) and e>0. Ihen by (ii), there exists a 


positive integer i such that 


(») 


n> i-+ 1 
— o 


<x“,yji>l < G/3, ^ CC e A 


m ^ 

=> Z < 6/3 > 

n=i^+l , r.;- - 



±KJ*± 


for all a e A jmd any m e Iff with m > i^+i. Hence 

111 

V m 0 IN with m>i+l, 

jQ-— i , + 1 ^ 

O 

Consequently, i = {x^} e a^^(X) = a(I), by hypothesis. 

Also, for the above G > 0 we can find G A such that 

^0 

» for all a > . 



==> 2 |<x“-x ,y >1 < e, for a > a . 

n>_l 

a 

As y e a'^CD is arbitrary, x - x in a( 2) for the topology 
n(A(X), a’^CI);, How applying Proposition 2,1 we infer the 

relative compactness of ll, thereby completing the proof. 

Combining Propositions 3.2 and 3,3, we state the main 
result in the form of 

lEHEOREM 3.4 : Let X be endowed with the topology (t(X,X) 

and (A(x ), ti(a(X), a’‘(Y))) be a perf ect ¥VSS. Ihen the^^^ ^ ^ ^ 

normal hull K of a bounded subset K of a(X) is relatively 
compact if and only if the fpllowjn^ conditions are true; 
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(i) 

(iii 


Concerning the normal hull of a relatively compact set, 
we prove 

PROPOSlflOW 3.5 : Let be a normal sequence space 

such that 3^ is compatible with the dual pair <A(X), a’'(i)> . 
Assume that the space I is endowed with the topology cr(Y,x). 

A, 

fhen the normal hull K of a relatively compact subset K 
of a(X) is relatively compact, 

PROOP : Let A he a compact subset of co( space of all scalar 

sequences) formed by the product of closed unit ball 

(asa G K, ja| < 1 ) ih K;, Define a map f;A*A(X) a(X) by 

f(a,x) = ax= » 

where a e A and i e A(X), Equip AxA(X} with the product 
topology. We now show that f is continuous. 

• 6 6 

Let us therefore, consider a net (z j 6 G A} , z - (cc ,x ) 

6 _o ^ _ 

for all 6 e A , in Axa(I) such that (a ,5 ) - (a,x) in 
the product topology of AxA(X)* . Then a -*■ a in A, and 


Pjj(K) is relatively compact in X, for each n>,l. 

lor G > 0 and y e A^(Yj there exists a positive 
such 




for all i G K. 


Since the 


^ 6 — ' 

5 X in A(X) relative to the topologyen , 

topology on A. is the coordinatewise convergence topology, it 

follov^s that ^ oc^, for all i > 1, in 3X . Also the 

system G which generates G , can be chosen such that it 

A ' 

contains normal halls S, of all its members and each member 
ofG is cr a(I') ) relatively compact, as ch xs solid 

and compatible with the dual pair <A(Xj, A^(I)>* Thus, if 
we choose S gG > then S eG is 0 (a^(Y), A(S))--relatively 
compact and so applying remark following Proposition 3.2, for 
given 0 > 0 and x G A(xj, there exists a positive integer 
1 such that 

S l<x^,y^>j < G/6, for yes. 
i>I+l in 

low for y 0 S, we have 


(^) E 1 <a°xj-a.x. ,y ->1 < 1 ja^j i <xGx. ,y • > | + 

i>l ^ ^ ^ ^ i>l Air 

i“i-°^ii i<^i’yi>i < ^ 

He 

E jaj-a. 1 |<x^,y.>l +22 |<x.,y.>| 

1 i»> 11 i>l+l ^ ^ 

Since S, being A(X)) bounded is n(A^(y), A(x)j- 

bounded by Proposition 3.3, Chapter B, there exists M > 0 
such that 
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6 

Also, the convergence of i to 5 in A(x) and of a^’s 

to oacli i > 1, guarantees the existence of 

„ 6 G A such that for 5 > 5^ 

a '->Q --0 

£ l<sf-x. ,y.>| < e/3 

i>l -L J- J- 

and 

|a^-aj_l < e/3M, 1 < i < S . 

Hence from (*) we get 

I l<a^x^-aj_x^,y^>l< e, for 5 > 6^ 
i>l 

6 5 ^ - - N 

==> a" X - ax, or, f((a ,x ))--f((a,x)) 

==> f is continuous* 

Hence f(AxK) is a compact subset of a(X). But KCl.f(AxK) 
and so K is relatively compact. This completes the proof. 



CHiP'm 6 


MATRIX TRAK'SEOSMATIOIS OR GENERALIZE!) 
SEQUSN'OE SPACES 

1. INTRODITGTION 

This chapter mainly deals with the problem of representing an 
arbitrary continuous linear map on VVSS in terms of an infinite 
matrix of linear operators on the underlying sfaces. We 
start this study in section 2, wherein we introduce the notion 
of a matrix transformation on WSS in a manner different from 
Gregory , and obtain a few results concerning such maps 
and diagonal operators resulting from a secLuence of linear 
operators on the underlying spaces. The study of diagonal 
operators is further carried over to the next section where we 
characterize their nuclearity and precompactness. In section 4 
we introduce two kinds of simple character of WSS, illustrate 
them with examples and study a few of their properties* The 
final section of this chapter incorporates results on matrix 
transformations involving nuclear and simple WSS. 

2 . I1A.TRIX TRANSEORMATIONS 

Let us assume throughout this section that (X, T^ ) and 
(Y,Ty) are two Hausdorff locally convex spaces with 
corresponding duals X* and I* respectively and <A(X) , a"' (!*)>' 



<a(Y j, A (y^)> form dual pairs of TVSS. For our notational 
convenience, we use the symbols P. ,, and R. respectively 
for tho projections from a(x) to X and injections from X 
to A(X) defined in section 2 Chapter 4. 


We introduce 

DEFIHIIIOHS 2,1 : A linear map Z: a(X) -» A(Y) is sand to be 

^ ly- i^atr ix transform ation or matrix tr ansf ormati on from 

Adi to A( Y ) r ela tive to 'ly if there is a matrix d 

of line;ar maps 2- .;X -* Y, i,j=l,2,,.., such that for each 

X = {X.} in a(X), the series Z Z. .(x.) converges to some 

1 D>1 ^ ^ 

element, say y^^, in Y with respect to each i > 1 


and y, = E Z..(x.) = P. y(Z(x)). For a matrix Z = 

X j>l 3 1,1 


of linear maps Z. .:X - Y, i,3 >1, we define its transg^ Z 

X J 

as the transpose of the matrix of adjoint maps of i*e«> 


X 


Mo-te. ; As mentioned in section 3 of Chapter 2, Gregory defines 
the notion of a matrix transformation, when Y is equipped 
with the weak topology a(y,Y*) and characterizes these in 
the foim of Proposition 3.7, Chapter 2, 


I 

f 

f 

!■ 


Concerning the matrix representation of continuous linear 
maps on WSS, we prove 

^ o T -I- tL) and ('A(Y),XL') be two monotone 

THEOREM 2.2 : let ^ 
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barrelled. GG-and GAK-spaces. Then a linear map Z:A(X) •^(Y) 
is continuous if and only if it can be represented by a 

matrix [” 2^^ J of ly-l'y continuous linear maps ^ from 


X Y 


ID 


X to Y. 


PROC']? : Let Z be a'3’-5^' continuous linear map from 
A(X) to A(y}, Por i,j > 1, define Z. .:X -* Y by 

^iO "" ^^i,Y ° ^ °^3,X^ 

Clearly, continuous linear maps from X 

to Y« Making use of the GAK-character of the space a(X), 
we have for any x = G a(X), 

(3A) 


X 


X , as n -»■ °= 


relative to g- in A (X ) 


(n) 


==> Z(x ) - 2(x) as n - in^^’. 

(n) n X . n 

But Z(5 .) = Z Z(6.^) = 2 ZoR. y(x.) and the continuity 

3=1 3 3=1 3, A 3 

of ^ ~ 1, imply that 

Z (P . y 0 Z oRV y)(x. ) -* R^ n 

relative to Ty in Y. Thua^^ ^ 

a»a therefore Z = CZi,: « ^ Ij-matrix traheformation from 
a(x) to a(y). 


Ill 


Conversely, let Z be represented by a matrix 
where continuous linear maps. Then 

Z^^'s are cf(i,x*)_0(y,y*) continuous by Proposition 2,18, 
Chapter 2. As the spaces A(x) and A(Y) satisfy the 
hypothesis of Corollary 4.8, Chapter 4 we have a''(X*) = 

^ A (I*) = H A(Y)”]*, Also from the barrelled 

character of the spaces (A(X),3^) and (A(I ),^’)5 

= t(a(x), a’^Cx*}) , 

5^' = r{h{Y), a’^(Y*)) , 

and the space (A^(X*), cr(A^(X*), A(X)i) is , sequentially 
complete. Applying Propositions 2.19 and 3,7 of Chapter 2, 
we conclude the continuity of Z. 

Next, we have 

THEOREM 2.3 : Let A(X} be monotone and (a’‘(X*}, 0 (a’^(X*), 
A(X))) be sequentially complete. If Z is a o (Y ,Y*)-matrix 
transformation from A(X) to A(Y), represented by the matrix 
fZ. .1 of a(X,X*)-a(Y,Y*) continuous linear maps Z^-rX-Y, 
then Z is a a(X'',X)-matrix transformation fromA^(Y*} to 

a'^Cx*). 

PEOOP I Since Z is a(A(X), A (X*))~ 0(a(Y), A (Y )} 

continuous by proposition 3.7, Chapter 2, its adjoint Z* 

would map a" (Y*) into a" (X*) . So, the result would follow 
if we show that Z = Z*. 
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Let us cOBsider i = 6 aud f U it . lor 

5 = (X.> e aU), «xte 5 = Z(5). where 

^-f' -t-'ho QPi-ipq 'beinp' considered in 
tbe convergence or tbe senes oewg 

Iben 

<5,2;*(1)> = <y.8> = 


= S Z <Z .(Xj),gii> 

n>l j>l ^ ’ 


'ibus 


(^) 


<x,z*(s)> = '’‘3’ ■ 


n>l 3>1 
ntv is true for any 5 G 

Since the above equ „».(„)> converges for each 

follows that the series “1 " (.(y 3 )P 

%n _ ,, )j.^, is in CaU)) . 

n>l. Henoe the sequence f - (^nj*-®!! 3^ 

Write 


n 


f 

Then fron tbe eq.nali y 

ja ^'01 


n 

£ f 

1=1 - 


n 


t/lisa vC(A(X#, A (X))- 0auchy sequence 

It follows tba v\6 7 = -Tf } , su-cb tbat 

.. «... ‘ . 


*n — ► oo 

jv _► f , as b 


r A(X»» 


If I 


rtn y°° . then 

■p = jsl 


1=1 ¥ j,n > 1. 

Since cr((A(l))^, a(Z))) is a GlC-space when X* 

is equipped v»;ith the topology 0 (X*,X), we get 

-* as n - oo in 0 ( 1 *, X) 

00 

==> f = i 2j.(g. ), in cJ(X*,X)- topology 

Ihus Z (g) = f, V\/here f S (A(X})^ = A^(X*), by monotonicity 
of ^(X). Xlso from (*), we have 

n 

<x,Z*(g)> = lim <x,f > = <x,f> 
n-*«> 

Jl 

==> <x,Z*(g) = <x,Z (g)>. 

Ihis is true for all 5E in A(X) and hence 

Z*(g) = Z'^(g), for g e A’' (I*), 

Consequently, Z* = / and therefore Z is a well defined 
map from a’'(I*) into a’'(X*}. Thus the proof is complete. 

• Theorem 2.3 includes the result of ilLlen ( [5*0 > 
Proposition 3.3) for scalar case. 

The above result leads to its converse in the form of 

PEOPOSITIOH 2.4 J Let A(y) be a perfect WSS such that 
(A(T), 0 (A(I), a’'(I*))) is sequentially complete. If Z is 
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a matrix of o(I,X"')- a(Y,y*) continuous 

J- X 

such that its transpose Z transforms A 
relative to the topology a(X*,X), then 
matrix transformation from A (I) to a(Y) 


linear maps Z . . sX 

^ d 

(I*) into 

Z is a ( 7 (Y,I*)- 



PROO? : Since Z, the result is immediate from Theorem 2.3. 

Diagonal T/LanAiomatlom i 

These transformations correspond to diagonal matrices of linear 
operators defined in the following 


DEJ'MI'i'IG®' 2.5 : A linear map Zs A(X) - A(Y) is a diaj^on^ 

matrix transformation or just cUagonal tr^isformati^ if it can 
be" represented In the form of a matrix Cz. of linear maps 
Z. . from x to I snoh that Zj_j=0 for 15 ^ 3 , = Z,^, 

Is and for 5 = (xp in A(X), Z(x) = {Z^x.)}. 

we denote by Z^ emi Z^), where i,n e IS , the maps 
from A(X} to A{I) defined respectively by 

zi(;) = {o,o,....ZiCx.),o,o,...} = 


and 


or 


2(n)(x) = { Z^(X3_), 


n 


,(h) 


S z (x ) 

i=l ' 

n 4 


= S Z 
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We observe that a diagonal matrix transformation Z is 
associated v/ith a seciuence ^2^^} of operators on underlying 
spaces* However, the problem of getting a diagonal matrix 
transformation on WSS defined with the help of a given normal 
SVSS X, from a given sequence of operators on underlying 

spaces, is solved in 

PROPOSI'IIOH 2.6 ; let {2^} be an equicontinuous family of 

linear maps from X to Y. Ihen the map Z, defined by 
Z(x) = } , is a continuous diagonal transformation 

from X(X) into X(Y), 

PROOF : Since {Z^} is equicontinuous, for q e ly, there 
exists p 8 such that 

q(2^(x}} ^ p(r}, 6 ^ and n 1* 

Thus, for {x^} 8 x(X), {q(Z^(x^))}8 X , ^q 8 By* 

Hence <2^(x^)}8 X(Y). Since the topology on X is solid, 

the semi— norms {P 3 * ^ } generating the topology on X 

are monotone and so'for a semi -norm pgO q6 ^x(Y}’ have 

(PgO q) (12^(Xj^)>) = Ps 

for 5 = {Xj^} 8 X(X}. Hence the continuity of 2 e 

is established. 


9 
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PROPOSIIIOI 2,7 ; In addition to the hypothesis of Proposition 
2.6, assume that X and Y are Banach spaces. Then the adjoint 
2* of Z is the linear map Z : X^(Y*) that is, 

Z* = Z = {Z* } , where z*»s are the adjoint maps of Z, 's, n>l, 

II n ^ xi 

PROOP : Prom Proposition 3,l0, Chapter 2, (x(X)J* = X^(X’'') 

and (X(y))* = X (X*), and therefore, Z* transforms ^ (Y*) 
into X^(X*). Bow, for x = {x^^} G X(X) and g = {g^} G X (Y*), 
we have 


<x,z*(i)> 


<Z(i),g> 


n>l 


n>l 


= <x, {Zj(gj^)}> . 


This is true for every x G x(x) and so 
the proof is complete. 


z* H {z*> 

^ n 


X 

Z and 


RMa/ife iProposltlon 2.7 also followslrom Sheorem 2.3. 


PEOPOSITIOH 2.8 : let X , equipped with || Ip he assumed 
be a Banach space such that | le“||^ = 1, for n > 1, in 

addition to the hypothesis of Proposition 2.7. Ihen 

11211= sup 1 1 zp I , where the norms of Z ahd Z^ are .the 

■ n > 1 

usual operator norm. 
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PROOI' : 

P or X 
As 

11 

and 1 1 


Thus 

On the 

Since 


Since Z^^’s are equicontiruous, sup 112^11 < °° 


n>l 


n' 


2n(x)l 1 y < (sup 1 jZ^I i )1 jxl 1 , ¥x G S, ^ > 1' 


n>l 


= {x3 e l(X)j consider |[Z(x)|| = 1 i (1 1 ll^l ^ 

x(I) 


Wlili 


si I < 1 1 \ 


ix 11, ¥ n>l 

1 1 ’ — 


is monotone, we have 


I lz(J)l 1 X(Y) - 1 1 l^nl 1 t 

= (sup llSlWlhll^nll JUx 
n>l 


= (sup ll2nll^ll^llx(X) • 
n>l 


llzll < su^ I I VI 

otherhaJid, if «e choose x e X ll^il i 

ll 6 Sllx(I)‘ 

= inii • 

= 1 . 116^11 < 1 > 

1 Izl 1 = -SWP l|Z(x)llx(T) 

iisihi 


> 11 z{ 45 )I 1 x(i) , 
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for every n > 1 and each x 6 I with ilx|l < 1. But 

Therefore, 

ll^ll > 1|2^11 , ¥ n > 1. 

Hence, v^e conclude the result, 

3. HUCLHAR AID PRECOKP ACT DIAGONAL OPERATORS 

In this section we consider the nuclearity and precompactness 
of diagonal maps in terms of component operators. We hegin 
with 

PROPOSITION 3.1: Let a(X) and A(Y) be respectively GO-normed 
and GK-normed spaces and Z = {Z^} , Zj^:X Y, be a diagonal 
map from A(X) to A(Y). If Z is nuclear, .then each Z^, 
i > 1, is nuclefar, 

PROOF : Follows from the continuil^ of ^i,X^ Proposition 

4,3(i), Chapter 2 and the fact that ~ ^i,Y*^ ^ ^ ^i,X * 
each i ^ 1 • 

PROPOSITION 3.2 : Let a(X) be a GX-normed space, A(Y) a 
GO— normed space, and {Z^^} a sequence of ^nuclear^maps^from X 

to Y, Then the map Z^: a(-X) “* a(Y), z"(x) = 6^' * , is 

(n) ^ i 

nuclear for each i>T and hence the maps Z = ^ 

n>l, are nuclear maps. 
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PROOI ; Again the nuclearity of 2^ is clear from the relation 
Z = ° ^i°^i,X’ Proposition 4,3(i) of Chapter 2, 

Since Z^^^ = I Z^, the nuclearity of Z^^^ for each n>l, 
i=l ■“ 

follows. 

Rema/tfe i It is clear from Propositions 3.1 and 3,2 that the 
nuclear it 3 ? of the maps Z^ and Z^, i>l are equivalent if 
both the spaces A(X) and a(Y) are GC-, GK-normed spaces. 

We now concentrate upon the study of these diagonal maps 
on the VVSS x(X) which are defined in section 3 of Chapter 2. 
Since the nuclearity notion of an operator involves the 
topological dual of the space on which it is defined, the 
following result which is of independent interest, is useful 
to us for, proving the results of this section. 

LEt/ilvlA 3.3 : For a normed space (X,ll 1 (^(2^^) = a’^(X*) = 

(X(X))*. 

PROOF ; In view of Proposition 3.10 (ii). Chapter 2, we need 
prove the first equality. Clearly X (X*) (x(X}) . 

For the other inclusion, consider {fj^} 6 (X{X)j and 

Ccc-} G X • Ihen we can find a sequence X with 

3 " 

I |x^| j < 1, i > 1 such that 
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Since X is normal, {lloc-x^jj} e X and 


• — 1 I j w « '-v- — so 2 1 ^oc • X- j f j ^ 

11 " 1 1 X 


is finite. Hence Z joe. 1 jlf. jj < and therefore 

i>l 

{f.} 6 x^(X*). This completes the proof. 

PROPOSITI OH 3.4 ; let (X,|| [1) he an AK-, BK-normal sequence 

A 

space and (X, j 1 1 Ij.) . . 1 1 1 ly) 

is a diagonal nuclear map from X(X) to x(I), then each 


is nuclear and _Z < °° 


i>l 

PEOOS ! let Z:X(X)-i(T) aod Z e {zp be a diagonal nuclear 
map. Ihen there exist seijuenoes (i”}C(^(X))* and {y )C 
X(Y) with 

n 


2 Ilf"",. 

n>l “ ' (X(X)) 


* y 


x(l) 


< 


and 


2(5)= z <x,f^ y » x(x). 

n>l 


in view of proposition 4.7 Chapter 4 and Proposition 3.10, 
Chapter 2, we can identify each f“ with the sequence 

(f“o E. e 


n 


2(5) = 2 <5, if^'o ^ 

n>l 


whene 


n 


Z 

n>l 




< 


Therefore, for i2l^» 
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Z^(5) = 2 <x. ,r^oR. y>y 


n 


n 


n>l 


i,X 


and so 


Z,(x) = P, y(Z^(6^)) = s <x,f"o Ej, x>yj.. :xex, i>l. 

1 1,1 1 ’ 

once again applying Proposition 3.10, Chapter 2, we get for 


f ixed n > 1, 


n 




:( sup 2 laj_l 11^ °®'i,X''^* 


)l 1 { I ly^i ly 


Choose {a,}C^ as follows 


r 


ilZiil — if ll(lly5;ily>llx?^ ° 

. II nn ,11 




a. 


= 


Then 


0 


otherwise 


,1 n „ Ml lly 11 > 2 riyillyl^^ °^i,X' 4* * 


Hence 


z lly “ llYllf “° J'in V - 4 i m 




n>l 


n 




< 
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Thus each is nuclear, for 



¥ i > 1 


Moreover, ibis also leads to the convergence of the series 

£ K(Z. ) as 
i>l ^ 


2 N(Z. )< I 2 
i>l ^ “ i>l n>l 




< 


oo 




The proof is now complete. 

Nofe ; No doubt in Proposition 3,4, the nuclearity of each Z^ 

can also be shown with the help of Proposition 3,10 (i). 

Chapter 2 and Proposition 3, If but for the convergence of 

£ N(Z. )> one has to get involved with the nuclear representation 
i> 1 ^ 

of maps. 

Por concluding the nuclearity of Z from that of Z^*s, 
we have the followiag results: 

PROPOSITION 3.5 : Let X , X, I be as in Proposition 3.4 and 

Z = { Z^} be a diagonal transformation from x(X) to x(T) 

such that the maps Z. :X - X* i > If nuclear and 2 N(Z ) < 0 °, 

* ' 

Then the diagonal map Z is nuclear. 

PROOP : Prcm Proposition 3,10 (i), Chapter 2, the spaces x(X) 
and X(y) are GK-, GAK- and GG-Banach spaces and so 
Z^^^, n > 1 are nuclear maps (cf. Proposition 3,2) and 
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lim Z^^\x) = z(5), 3? 5 e x(x}. 

n-*oo 

Also, for m,ii £ IK with m > n, the inequality 

= N( s z^) < 2 .S(Z^), 

i=n+l “■ i=n+l 

and 2 !K(Z ) < °°, imply that {Z^^^} is a Cauchy sequence in 
i>l 

the space of nuclear operators from x(X) to x(Y) with 
respect to the nuclear norm. Hence Z is nuclear by Proposition 
4,3(ii), Chapter. Thus the result is established. 

A variation of the above result is contained in 

PROPOSITION 3.6 : let X, X, Y, x(X), X(Y) be as in the 

preceding proposition and Z = {Z^} be a diagonal map from 

x(X) to x(Y) such that each Z. is nuclear and 2 N(Z. }<“, 

i>l ^ 

Purther, assume that {e^} is a bounded sequence in both the 
spaces X and X^ . Then the map Z is nuclear. 

PROOP : Since each Z^ is nuclear, we can find sequences 

{f^lC^:* and {y^ Y such that for i > 1? 

z.(x) = 2 <x,f^>y^, XE X e X 

^ n>l 

and 



Therefore, for i > lj we have 





- ^2^ <x, 6 6 X e X(XJ, 


yf 


the convergence of the series being considered in the norm 
topology of ^(I). Clearly 

* 

^n 


yf 


{6.^ = (x(x)}% 6 


and 


f? 

6/11 

^ x^Cx*) ^ 


•11 1 4 ?^ 


X(T) 


< KKMIf“ll J|y“||y, s I1>1, 1>1 

JL 


where K and K' are the numbers such that |le^|[ < K and 

X 


e^l 1 < K’ * Thus, each 2^ is nuclear and 

X^ "" 


N(Z^) < KK’U(Z.), ¥i > 1. 


Hence 2 < «>, Now we proceed as in the preceding 

i>l 

proposition to conclude the nuclearity of Z. 


Concerning the precompact diagonal maps, we prove 

PHOPOSIl’ION S.? : Let (X,ll 1 ly^ be two normed 

spaces and x equipped with a monotone norm | | | |^ , a normed, 
K-',AK-, normed space such that I je^j l^ = 1, for each i > 

Then a diagonal map Z = {Z^} from x(X) into x(Y) is 
precompact if and only if each Z^s X - I, is precompact and 

Z.| | - 0, as i - where (j \\ denotes the operator norm. 

1. ■ 


PROOF : Let us denote by B ,.ahd balls in 

X and x(X) respectively )»,; ■ /'i';;'--' V":*;-'/-.,,,, . ■ 
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Let us first assume the precompactness of Z. fhen 
2^3 (X)^ ^ precompact set in I. In order to show the 

preLmpaotness of U is sufficient to prove 

^ therefore, consider a point y ^ 

Z^(B). Ilien 

y = Z^Cx), for some x G B 


and 




xCX 3 


X 


e^t 1 < 

A 


Ihus 


y =B, y(a(ef)) 6 Pj„Y(z(®xCs)^^ 


Oonse^uently. '' 

precompact, 

117 11-0 as i choose G > 0 . 

I'or shovaxig 1 i 2^1 1 

men there exists a sequence ix^C® 

zjl < llVMl 


^ I ,41 < 1 , . i > 1 . ana B 

Sunoe J. l > 1 } is precompact in i( 1 )" 

it folios that the set (2(6^ i- _ 

vx f-ind finite indices n^,ng,.vj m 
Hence we can inn >, +viat 

1 / i <B such that 

X > 1 there exists n. , _ - 

■■ 
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Choose - max (^;j_ jHg, . . , ,n^), Then, the monotonocity of 
II 11^ along with the following equalities 


= 11(0,0, ...,|lz.(xyil ,0,... }|1^, 


X • 

Ilz(6j_^)-Z(6^ 3)11 ^ = 11(0,0, ...,|12^ (x )11 , 0 , 0 ,... 

2 1(1) D 3 


2i(^i)l 1 , 0 , 0 ,. . . }1 1 , for i > n^ 

X 


implies 


X. n . 

: i ^ f7 / R ,1 


I I Y — I I ^ I x(Y ) ^ ^ ^ * 

3 


Hence 


< G, for i > n^. 


This completes the proof of the necessity part, 

S' or converse, let us assume that the operators 2^*s 
are precompact. Thus for each Z^(B) is a precompact 

set in Y, Consequently, the sets (R^^yO Z^)(B) are precompact 
in X(Y) for each i>l. Also, for 5ce X(X), the inequality 

lU^^il < llxl! , ¥ i > 1 

ll W^^ - “ O' xCX) 


x(x) 


and llxtllY 1 1 1 I . , Y» ^ ® ®x(x) V^i ® 

S i > 1. Ihu.s therefore 

each is precompact. Since 2 ', we conclude the 

preoompactness of for all n > 1. How consider 
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^n+2^^+2^1 ly> • •• > 



< sup 112^11 . 

As [ I Z . 1 j -*• 0 when i - oo, it follows that sup 1 1 Z. j 1 ^ 0 

i>n+l ^ 

as n -*■ oo, Thus -* Z as n - o° in the operator norm 

and so Z is precompact by Proposition 4.2, Chapter 2 


4. SIMPLE GENERALIZE!) SEQUENCE SPACES 

This section is devoted to the study of simple WSS introduced in 

LEEINITION 4.1 ; Let (X,T) be an l.c. TYS and A(X) a YYSS 
eqLUipped with a locally convex topologyi^ . Then (a(X),^) 
is said to be (i). simple if for each ^^^'-bounded subset A of 
A(x), there exists an element x a(X) such that A is 

contained in the normal hull of the set {x } , that is, 

^ C I ^ ^ s-»simple if f or ^'-bounded A d A (X ) , 

there is an element x = {x^} e A(X) such that for each 

p e and y = {y^} in A, p(yj_) < p(Xj^), for each i _> 1* 
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Notz : It is clear from the a.boYe definition that every 

simple W3S is s-simple. These two notions are the sane 
in the case of SVSS, that is, when we restrict X to he 
ec[ual to - K . However, it is not true in general as we will 
see in the sequel. 

Let us now illustrate a simple VVSS in 
EXAMPLE 4,2 ; Consider the VVSS sT “ defined as 


= i e K, i,D > 1 

sup i,d > 1> < ~ } 

and equip it with the norm 

ll&ijLl = sip d^ijl = i.3 > 1} • 

. OO OO ■ ' ^ ■ 

Let A he a hounded subset of t ( £ ) . Then there exists 
M > 0 such that jx- -j <. M, for all i,D 2. ^ and all 

' ' _ ' ■ OO ■ OO , 

Pc..;] in A. Define e ^ (a ) ^ 

h. . = M, 5f i, j > 1* 

ID 

Clearly A is contained in the normal hull of [hj_j3 * 
Thus is a shnple normed WSS. 



For s-simple ?YSS, we have the following general 


result: 

PROPOSITIOH 4.3 : Let X he a normal simple SVSS equipped 
wltb a solid topology aid (2,|1 1 1 ) be a normed space, men 
X(X) is s-slmple . 

proof : Let us consider a hounded subset A of x(X). 
Define P:X(X) X by 


Then F is continuous by Proposition 3.10 (m), Chapter 2 
and bence the set P(A) is boonded in X . Since X is simple 
there exists {op 6 X such that 


xpi < Fil. * i > 1 ‘V 

Choose yj, e X such that jUpl = 1*^. i > 1- * 

haTe (y^^) e HX) 0“** ^‘*at 

:.|1 < lUill. » ^ 


Xa 


Hence x(X) is s-simple. 

.he above proposition is used in the iolXowing exar^le 
which contains an s-simple space that is not sxmple. 

„ a normed linear space (Xill IP 
BXJfllplE 4.4 : lor a norm naonter 3 

the ms “(X) as deiined in Chapter 3, 

dim (X) > Z. ohhhider the W3S X 

Let i“(X) he equipped with the norm 1 1 1 L- - e 

. . ^ ^ ^ Q / V ^ 
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oo 

Then the space (X) is s-simple by Proposition 4.35 but it 
is not simple. Indeed, for any two linearly independent 
elements x and y in X, consider the set A containing 
sequences x such that 


X 6 A <==> X 


(2n)' 


or X 


T = ] -2, 


, J 


for n-1,2,3.,. . Clearly, A is a bounded subset of ^°°(X) 
and is not contained in the normal hull of any point of the 
space (X). for if it does, then there is an element 

/V 

z = G ^ (X) such that A(^ {z} and therefore for the 


X 


sequences {f, ^ , — sr 

2 gO 


, • • « } and { ^ , , • , } in A 


we 


have {a-} and with ja- 1<1, ¥i>l 


such that 2 = and | contradicts the linear 

independence of x and y , 


The rest of this section is now devoted to investigating 
several properties of simple generalized sequence spaces which 
we consider corresponding to a dual pair <X,T> of vector 
spaces X and Y, Vife start with 

pfiOPOSITIOX 4.5 i Let <A(X), y(I)> be a dual system, where 

v(T) is a normal subspace of (I) . Assume that (A(X), 

_^n , „ 

ct(a (X),y(X))) is simple an^ {x } a sequence and x a point 
in A(x). fiien (i) {5E } converges to i in o(A(X),v(Y)) 

if and only if is bounded and the sequence {x^) converges 



to in cj(X,I), for each i > 1. (ii) {x } is a(A(X), 

' n”" 

M(Y))-Ca,uchy if and only if {5 } is hounded and {x} } is 
cr(X,Y)-Gauchy in X, for each i > 1. 


PROOP : (i) Since the necessity part is clear, we need prove 

_n 

the sufficiency. therefore assume that {x } is bounded in 

n 

A(x). Then there exists u G A(x) such that {x }(^ {u } . 

Thus we can find scalars a^, with ja^j < 1, i,n > 1 such that 

X? = al Uj_, ¥ n,i > 1. 


Let us consider an element y G v(Y) and choose G > 0, 
fhen we can find a positive integer N , such that 

1 l<u ,y.>[ < e/4 

i>H ^ ^ 

and 

2 l<x.,y.>i < e/4. 

i>N ^ 

Also, from the «^(X,Y )- convergence of x^ to x^, as n - oo^ 
¥ i > 1, there exists a positive integer M such that 


I 

S l<x“-x,,yj_>l < e/ 2 , ¥ n > M. 
i=l ' 


Hence, for ^ 
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Thus X - 5, as n - “ in a(A(l),u(T)) and (i) follows. 

The proof of (li) is similar to (i) and so it is omrtted. 

Hext v>/e have 

pROPOSITIOl 4.6 : I'or the dual pair <A(X), A ('^)> TVSS, 

let (A^'CY), oih'iY), A(X)j) he simple. Then every cj(A(X), 

A^(Y))-convergent (resp. Cauchy) sequence in A(X) is p(A(X), 

A ^ (Y ))— convergent (resp. Cauchy). 

% 

PEOOI' : Once again we prove the result for convergent seq,u 
ana the result for Cauchy sequences would follow on slmllan lines, 
let (/} be a sequence in 1(1) Buch that 5 - 0, as n - » 
in o(A(X), iVY)). 5 - 0 , as n*~ in ndU). A_( 

ty proposition 5.5 Chapter 2. Therefore for an arhrtrary y 

in Ahl) end e > 0, there exists a positive integer 

such that 

£ l<xj,yi>l< 6 , ¥ n> H. 

i>l, , 

rrrA^fY), A(X))-hounded subset of A (Y), 

How if B is any a(A(Y), A^n;; ^ ^ ^ 

. + V P A^(Y) such that bC Y • ■" 

there exists a y B ^ 

consider 

= sop 
zeB — 

< ^ i 

' 'i>^ 


^ S # 
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n 

Hence x -*■ 0, as n in p(A(X), a^(Y)) and the proof 

is complete. 


The following result which will he useful in our laber 
result, is of independent interest and generalizes a correspondxng 
result of Oac ([]9Cr|» PJ^oposition 3) . 


PROPOSIlIOh 4.7 : let <A(X), ii(l)> form a dual pair, where 
y(Y) is a normal suhspace of a^(Y)» Then .n(A(j^), v(Y)) fs 
compatible with the dual pair <A(X),u(l)>* 


PROOP : In order to prove the result, it is sufficient to 
that the normal hulls of singleton sets in u(I) are 

A(X))-oompaot. let us. therefore, ocnsideY point ye «(Y) 

and denote by M its normal hull. let (x !6 e *1 he a net 
in M. Ihen we can find scalars with < 1, ^ > 

6 e A such that ^ ® * 

If B stands for the closed unit ball of it” then 

a-' = (R ) .“is a net in which is e (i”, fh-oompaot by 

Proposition 2.6, Chapter 2. Also, for each 1>1, <a,= 0 e A) 

-i+ hflll u of scalars. therefore, 

is a net in the compact unit ball 

Ir, yf n and a seciuence Ca } from the 
we can find a sequence -vV 

6 . ^ ^ n/ as 3^1 each 

net {« !6 e Al such that “i> 

Ihus maxln, use of theorem 2.2, Chapter 5 for 

Cof. also D^.P. 415) we derive the oon.er.enoe Of ia>to 

a = {a.> in the topology J 
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Let us now consider a point i = {x.} in a(X). Then 
1 , ^ 

{<Xi,yi>} S ^ and so for 6 > 0, we can find a natural 
number n^ such that 

or, 


1 L <x. , (a^-a- )y. >1 < e, n > n . 

~ 

n 

Lhus a y = {a-y.} tends to a y = {a.y. } as n -* oo in 

X X »L 

a(ii(Y), A(X)}, Clearly a y G M and it is an adherent point 

_6 

of the net {x ; 6 G A} , Hence M is a (p(Y),A(X))-compact, 
IThis completes the proof. 


PROPOSIlIOh 4.8 : If (a(X) , 0 (a (X j, a"" (Y) ) ) is a simple 
sequence space, then so is (a^^(X), cr(A’^’^(X), A^(Y))). 


PROOF : Let A be a 0 (A^’^(X), A’^(Y))-bounded subset of A^^(X). 
Then, by Proposition 4,7, A is ti(a’^^ (X ) , a’^ (Y ) )- bounded and 
so for y G A^(Y), there exists a positive constant K depending 
on y ■ such that 

{*) 2 l<x.,y.>l < K, ¥ i G A. 

i>l ^ ^ 

(n) 

Define E = {x : n > 1, x G A} , that is, E is the set of 
sections of members of A. Clearly E A(x} and is cr(A(x), 

A^'CY) j-bounded by (*). Thus there exists u e A(X) such that 
B X. ^ ^ j which in turn implies that a(^ { u }. Hence (A^ ’*(X) j 

o-(a’^^(X), a’^ (Y))) is simple. 
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From the proof of the above result, one immediately derives 
the follQwing 

PROPOSITION 4,9 : If (A(X), a(A(Z), is a normal simple 

sequence space, then a(X) is perfect. 

PROOF ; In the proof of the preceding proposition, consider A 
to he a singleton set in a''''(x), that is, if A = (x) , where 
X e A^’'(x), we can find u e A(X) and {a^}<^IK: such that 
X = {a^u^}. Thus 5c G A(X) as A(x) is normal. Hence 
a(X) = A^^(X) and so it is perfect. 

The above result leads to 

PROPOSITION 4,10 : If (X,a(X,X)) is (sequentially) complete 
and (A (x),cj ( A(x), A^(Y) )) is normal simple sequence space, then 
(A(X), n(A(X), A^(Y) )) is (sequentially) complete. 

PROOF : The result is immediate from Proposition 4.9 and 
Proposition 2.1, Chapter 3. 

The above proposition along with Proposition 3.5, Chapter 2 
and Remark of Proposition 2,1, Chapter 3, yield 

PR0P0SITI0N 4.il ; Let (X,o(X,Y)) be sequentially complete. 

If (A(X), a (A(X), A^(Y))) is a normal simple YVSS, then it is 
sequentially complete. 

PROOF : Since a (A(x), a''(Y)) and n (A (x),a''(Y)) convergent 
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sequences and Cauchy sequences are the same in A(x) hy 

Proposition 3.5, Chapter 2, the result follows from Propose . . 

^lon 


4,10. 


5. MATRIX TRAI'ISPOEMATIONS OR SQEPLE AND MUCLEAR SEQUEIC:^; 

This section is devoted to the study of matrix tr an s format 

which involve simple and nuclear TVSS, We assume througho^^^^ 

this section that (X,T„} and (Y.T^) are two Hausdorff 3 

^ » X y j y/ 

with duals X* and Y* respectively. Then our first res^j_^ 
in this direction is 


THEOREM 5.1 : Let A(X) and A(Y) he normal VVSS. Assi^jj^^ 

that (A^ (X*), a (A^ (X*),A(X))) and (Y,cf(Y,Y*)) are sequent^ 

complete spaces and (A(Y), or (A^f ), A^(Y*)) ) is simple. 1;^ 

Z = Tz. .1 is an infinite matrix of ct(x,X*)- cr(T,Y*j cont^^ 

■“ID- •^■“Uous 

linear maps Z. •: X -* Y, then the following statements are 
equivalent; 


(i) Z is a (Y,Y*)-matrix transformation from A(X\ . 

into 

A(Y). 

_L A, 

(ii) Z is a a (X*,X)-matrix transformation from 
into (X*) . 

(iii) Eor each {Xj_} 8 A,(Yj, there exists {y^} e A(Yy 
such that 

■3>1 ^ ^ 

for each i > 1 and f 6 Y*. 
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PROOIP ; (i) <==> (ii), follows from Theorem 2.3 and 
Proposition 2.4, 

(i) ==> (iii), Por x G A(X), define 


K_ = {a : u = {u.} e fl(X}, u. = a-x-, la- [ = 1, i>l} . 

4- Ju iX. 

Clearly, K__ being ri(A(x), A^(X*) )-bounded subset of A(x), 

X 

0 (A(X), a’^(X*) )-bounded by Proposition 4,7, Also from 
Proposition 3.7, Chapter 2, Z is a(A(x), a’^ (X*) )- a(A (Y) , 
A^(Y*)) continuous and, therefore, Z(K_) is o(A(Y), A’^(y*jj_ 

X 

bounded in A(Y) which is simple. Thus there exists an 
element ye A(Y) with Z(K_)C^y^ • Consequently, for 
u e K , Z(u) = (a.y. } , for some {a-} <2 IK with |a. | <1, 
i>_l. Hence for f G Y* and i>l, 


i Z <Z .(u ),f> 


< l<yj_,f> j . 


Choose B . . e IK with = 1 such that | <Z. .(u . ) ,f> | = 

13 1 J ■ X 3 j 


<Z^^(u^ ),f>p^^ for i ,3 > 1. 
{ B . . u . } e K and so 

‘'13 3 ; 


Then for each i>^l, the sequence 


z 1<Z, i(up,f>| < |<yi,f>l . 

j>l 3-3 3 

This prowes (iii). 

(iii) ==> (i). Let x G A(X), Define 



n 

I Z- .(xj, f i ,3i > 1. 
3=1 3-3 3 
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Obviously, 0 I for each i,n > 1, Also, for f e I*, the 
inequality 


j ^S^-Sj^,f> j 

= 1 2 <Z. .(x ), f>j 




< 2 |<Z^.(x.),f>i 

3 =m-(-l ^ ’ 



and the condition (iii) imply that {s^:n > 

1} 

is a weak 

Cauchy sequence in Y, 

for each i>^l , Since 

Y 

is cr(Y,Y*) 

sequentially complete 

, there exist z^ G Y, 

ill 

such that 


for f G Y* and i>lj 



Hence 

(*) l<Zj_,f>[<l<y^,f>| , ¥ f e Y* and i>l 


Thus for f G A^(Y*), it follows from (*) that 



Consequently, i = {z^^} G a’^^CY). But A(Y), being simple 
and normal, is perfect by Proposition 4,9 and so z G A(Y), 
Clearly, z= Z(i), Hence (i) follows. Ihe proof is now 
completely established. 


Ihe last result of this section is contained in 


THEOREM 5.2 : let Y be weaiay sequentially complete and A(x) 
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be a normal VVSS with (a’^(X*), a (A^(X*), A(x)j) simple and 
seq,uentially complete. Assume that (v(Y), n(y(Y),y^(y*))) 
is a nuclear perfect YYSS . If Z - [[[ Z. . ]] is a matrix of 

i t] 

O’ (X,X*)-cr(Y,Y*) continuous linear maps Z. . :X Y, then the 

i- 3 

following are eq.uivalent: 

(i) Z is a cr (Y ,Y*)-matr ix transformation from 
into A (Y). 

(ii) Z is a cr (x*,x)-matrix transformation from v^(Y*) 
intoA’^d*). 

(iii) for each g e ^^(Y*), there exists f G (Z*) 

such that I 

sup |<x,zf^(€T ^ ^ X G X. 

i>l ^ J 

PROOf : (i) <==> (ii). Since (y (Y ),a(y (Y ) jy^^lY*) )) is sequent iall| 
complete by remark of Proposition 2.1, Chapter 3 and Proposition 
3.5, Chapter 2, the equivalence of (i) and (ii) follows from j 

liieorem 2.3 and Proposition 2,4, 

(ii) ==> (iii). It is a direct consequence of Iheorem 5.1. 
(iii) ==> (i). ,In order to prove (i), let us consider a : 

■ ' ' ■ ^ ■ ’■ ' t‘ 

point S in A(x) and g in y’'(Y*) Ihen from (iii), we can finf 
f e such that | 

I 

l<Xj,Z*j(gi)>l < » i.3 >. 1- I 

■ ' ' ' ' ' ' '■ , ■ ' ■ 

< £ l<X.,f .>l < ~ » 

- 3 3 
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for each i > 1. In particular, choosing g = 6? for g e y* 

and arhitrarily fixing i_>l, we derive the weak convergence of 

2 to some point y. in I from (*) and cr(Y,y*)_ 

j>l J ^ 

sequential completeness of Y . 

How, to establish the proof of (i), it remains to show 
that ,y = {y^^} is a member of y(Y), For this, consider 
g G y^(Y*) . Then by the nuclearity of y(Y} and Proposition 
4.6, Chapter 2, we can find S , h = {h^} G y^'CY*} 

with i>l. Applying (iii), for E g u^(y*), there 

exists i in a’^(Y*) such that 

j <x,Z*;^(h^)>j<[<x,f^>j , ¥i,j > 1 and x G X. 

Then 



< “ 


==> Z(x) G As y(Y) is perfect, (1) follows. 

Hence we have (i) <==> (ii) <==> 
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